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Abstract

A Reaction Kinetics Ablation Program was developed to analytically predict the ablation
performance of rocket nozzle heat protection materials. The program was written in
FORTRAN IV and made compatible with the NASA Lewis computation facilities.

The program can be used to predict the thermal degradation of a wide variety of materials
exposed to an external source of heat. The program includes the effects of mass addition
on heat transfer, the calculation of internal gas pressure and internal material stresses
and a number of other options for surface or char removal.

The comparative performance of phenolic nylon, phenolic graphite and phenolic refrasil as
rocket nozzle heat protection materials was investigated. The results are reported for
these materials exposed to the heating environment produced by the propellant combinations
of hydrogen/oxygen and N204/UDMH-N2H4 (50-50).
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Introduction

The containment of the hot exhaust gases within a rocket nozzle presents an interesting and
difficult thermodynamic problem. The temperature of the exhaust gases exceed all but the
highest melting temperature materials. Therefore, it is necessary to provide some method
for the thermal protection of the wall materials. With liquid propellant rocket engines, the
fuel is commonly used as a coolant to maintain the wall temperature within acceptable
bounds. However, the regenerative cooled nozzles are complex and difficult to manufacture,
since the cooling passages must be fabricated into the walls of the nozzle. The wall thick-
ness between the coolant and exhaust gas side must be held to a minimum, particularly for
the high heat transfer rates experienced with hydrogen/fluorine.

Solid propellant rockets do not have a liquid fuel for a coolant. Therefore, another approach
is desirable; one solution is to utilize an ablative heat protection system. An ablative sys-
tem is one in which the wall material degrades due to being thermally heated. The degrada-
tion could involve melting, vaporization, sublimation or the pyrolysis of the material in
depth. Within the degradation process, thermal energy is absorbed; in addition there is a
reduction in the convective heat transfer to the surface due to the injection of mass into the
boundary layer. These ablative heat protection systems may be composited of any number
of materials, however, some of the more common ones are the carbons and graphites,
plastics and resin impregnated materials.

The evaluation of these ablative heat protection systems has to a large extent been done
empirically by actually building test nozzles and firing them. This method, although direct
and accomplishes the goal of determining the performance of a given material, has the dis-
advantage of being costly and does not lend itself to the rapid evaluation of a number of
materials in various environments, This type of trade-off activity is best done analytically,
Various techniques have been investigated and used for predicting the performance of abla-
tive materials in a heating environment. One approach is to determine the value of a
quantity referred to as the effective heat of ablation from an experimental program and then
apply this value to other applications. This approach is somewhat questionable if the en-
vironment is to change. A second approach is to consider the problem of material degrada-
tion in a heating environment in detail and develop analytical equations which will describe
the various mechanisms and energy absorption processes taking place. This latter approach
is the one considered within this report.

The Re-entry Systems Department of the General Electric Company had found that it was
possible to predict the thermodynamic and chemical processes which take place when an
ablative heat protection material was heated. This type of technology has been applied to
the design of heat shield systems for re-entry vehicles. It was therefore the goal of this
contract to develop a tool which could be used by NASA for future evaluation of rocket nozzle
heat protection systems,

1. Develop a Reaction Kinetics Ablation Program (REKAP) for the purpose of pre-

dicting the performance of ablative materials and ablative systems in rocket
engine environments,
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2. Establish the material properties required by the REKAP Program for the evalua-
tion of the ablative performance of a number of materials.

3. Demonstrate the usefulness of the program to predict the performance of rocket
nozzle heat protection systems.

4. Modify the program as necessary to make it compatible with NASA Lewis' com-
puting equipment.

5. Provide liaison and technical assistance to the responsible people at NASA Lewis
in the use of the REKAP program.

A Reaction Kinetics Ablation Program was developed and was utilized to investigate the
ablative performance of phenolic nylon, phenolic refrasil and phenolic graphite exposed to
the heating environments associated with the propellant combinations of hydrogen/oxygen
and N204/UDMH—N2H4. The results and discussion are included in Appendix G.

The derivation of the governing equations and the discussion of the entire program including
the material properties is included in the seven appendices following the discussion.



Summary

R

A one-dimensional Reaction Kinetics Ablation Program was developed which would calculate
the degradation and surface recession of a wide variety of materials. Five methods have
been included for the control of the front face surface recession: no melting, specified

char length, graphite sublimation, refrasil and fixed melting temperature. The program
includes the oxidation and sublimation of graphite, the effects of mass addition on heat trans-
fer, the melting or vaporization of surface material, the calculation of internal gas pressure
and the calculation of pressure, and thermally induced stresses. Although the equations
describing the oxidation and sublimation of an ablative heat protection material are correla-
ted only for graphite or carbonaceous chars exposed to air; they are general and may be
applied to other materials provided the appropriate constants are available. The following
assumptions were made during the development of the program:

1. Darcy's Law gives an adequate representation of the flow of ablation gases through
the porous char.

2. The decomposition of the plastic material may be analytically expressed by the
Arrhenius rate equation.

3. The ablation gases do not react with the char to change its final density.

4, The solid and the gases at a given point are in intimate contact and that their
temperatures are equal.

5. The char material is an elastic, isotropic, nonhomogeneous porous material.

The above, are the major underlying assumptions for the equations derived in Appendices
A and C. The general equations derived can be simplified still further by several additional
assumptions such as:

1. The ablation gases are in local thermochemical equilibrium.
2. The problem of interest can be reduced to a one-dimensional situation.

3. The gas passing through a given element in a given period is the gas produced by
all elements interior to the studies element during the same time period.

4, The mechanical work terms are negligible in comparison to the thermal terms in
the energy equation.

The validity of some of the assumptions can only be determined upon examining the parti-
cular problem under investigation; for an example, if there is an extensive amount of

axial heat conduction, the assumption of one dimensional heat transfer and the flow of gases
may not hold. A detailed discussion of each of the above assumptions is included in Appen-
dix A or C.



The capabilities and limitations of the developed REKAP program are:

1. The nozzle heat protection system can be composed of 10 layers each being a
different material, however, the thermal degradation is limited to the first layer.

2. The time varying heating environment (recovery temperature or enthalpy, con-
vective film coefficient and hot gas radiation) must be provided.

3. The initial temperature and density distribution must be uniform throughout all
layers; normally that of the virgin material.

4, The surface loss meché.nism of materials due to oxidation and sublimation has
been calibrated only for graphitic materials within air.

5. Heat loss from the backface may be specified either by temperature or heat flux.

6. The program will calculate the temperature distribution throughout the 10 layers,
material density and ablation gas density as a function of time and position within
a flat or cylindrical body. The flow of gases and thermal energy is limited to
one dimension. ‘

7. Surface recession by melting and vaporization is included within the program.

Although these limitations are now in the basic program, any of them can be eliminated
without introducing major changes into the program except for extending the program to
three dimensions.

The computed surface recession, char thickness and temperature response for three small
NASA Lewis hydrogen/oxygen test nozzles were in fair agreement with the experimental
data when the proper driving temperatures were used, The initial results were calculated
using the combustion gases recovery temperature, An analysis of calorimeter data was
made and it was found that 3100°F was a more realistic driving temperature, The surface
recession and char thickness of 2 test runs using N_O, and UDMH-N_H  as the propellants
. 274
. were also compared and found to be in reasonable agréement,

The material properties for phenolic nylon, phenolic refrasil, phenolic graphite, phenolic
carbon and pyrolytic graphite are given in Appendix F.




-

Conclusions and Recommendations

-

The performance of thermal protection systems for rocket nozzles can be analytically
evaluated. A 7094 computer program was developed which can be used to study a number
of material systems exposed to a wide variety of heating environments quickly and inex-
pensively.

The computed material degradation and temperature response cannot be any better than the
heating environment and the thermochemical properties provided to the program. The
parameters which have been found to be the most important are the thermal conductivity,
primarily that of the char, and the recovery temperature or enthalpy. This is not to imply
that the other parameters are not important but that the degradation and temperature
response is less sensitive to them.

The results of the analysis of phenolic nylon, phenolic refrasil and phenolic graphite indi~
cated that for a 17 to 20 second exposure that phenolic refrasil had the least surface reces-
sion, followed by phenolic graphite and then phenolic nylon. The predicted surface recession
for phenolic nylon was 0, 0514 inches after only a 17, 3 second exposure to a heating en-
vironment produced by the combustion of hydrogen/oxygen in the small NASA Lewis rocket
nozzle test chamber.

In addition to the surface recession the temperature response and char growth were com-
puted; however, as a measure of the performance of a material within a rocket nozzle it
is felt that the recession rate is the most important,

Having developed an analytical method for the prediction of the performance of heat protec-
tion systems, it recommended that the usefulness of the program be increased by completing
the following tasks:

1. Include a rocket nozzle heat transfer calculation procedure within the program.
Therefore, the changes in operating pressure, characteristic velocity and geom-
efry would be reflected in the heat transfer to the nozzle walls.

2. Modify the program to calculate charring in more than one layer. This would
simplify the calculations for nozzle inserts.

3. Extend the surface reaction option to include more than just the oxidation of
graphite in air,

4. A detailed investigation should be made of the effects of curtain cooling and its
influence on the recovery temperature or enthalpy and the convective film coeffi-
cient.

5. The material properties for the actual material with which NASA Lewis is
working should be determined.



6. Develop a multi-dimensional REKAP program which will compute the axial heat
conduction as will the radial heat transfer. Included within this program could be
a liquid layer routine which would account for the absorption and blocking of the
heat transfer due to the flow of a liquid layer along the walls of a rocket nozzle.

The final program resulting from the completion of these tasks would be one which would
do the complete evaluation of the thermal protection system of a rocket nozzle including the
combustion chamber, throat and nozzle skirt at one time.



Discussion

The discussion of the various aspects of the work done on this contract are included in the
seven appendices which follow. The derivation and discussion of the governing thermo-
dymanic equations and boundary conditions are included in Appendix A. The numerical
considerations required for solving the equation is discussed in detail in Appendix B. The
derivation and discussion of the stresses produced by temperature and pressure gradients
within a heat protection material is described in Appendix C. A description and flow dia-
gram of each of the subroutines in the REKAP program is given in Appendix D. The user's
manual giving detailed instruction on the use of program is given in Appendix E. A listing
of the thermochemical properties for phenolic nylon, phenolic refrasil, phenolic graphite,
phenolic carbon and pyrolytic graphite is included in Appendix F. A discussion of the data
generated on this contract is also included. The last section (Appendix G) describes the
application and the performance results obtained from the REKAP analysis of phenolic
graphite, phenolic refrasil and phenolic nylon exposed to the heating environment produced

by hydrogen/oxygen and N204/UDMH—N2H4.

7/8
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APPENDIX A

DERIVATION OF THE THERMODYNAMIC EQUATIONS



INTRODUCTION

In this appendix, the thermal energy equation is derived for a thermosetting plastic. Con-
sideration is given first to the general three-dimensional case. Simplifications are then
introduced to obtain an equation which reasonably satisfies the physical model.

The philosophy of this derivation is to start from fundamental physical principles and to
utilize the concepts of continuum mechanics to proceed in a step-by-step fashion, listing
all assumptions.

Figure Al shows a cross section of the ablation model considered in this study. Initially,
the outer boundary coincides with the broken line as indicated. The ambient temperature is
low enough so that no chemical reactions occur within the plastic. Furthermore, the outer
boundary temperature is the same as its surroundings and, therefore, radiation to or from
the front face is zero.

Convective and radiative heat fluxes (arbitrary with time) are impressed on the outer
boundary. As a consequence of thermal conduction, laminates of the plastic near the outer
boundary increase in temperature and the front face begins to radiate heat. In time, the
hotter laminates undergo a chemical reaction which converts the virgin plastic into hydro-
carbon gas and a porous char residue.

The gas pressure within the porous char increases as the virgin material undergoes chem -
ical reaction. As a consequence, a pressure profile is established throughout the porous
region causing the gas fo flow to adjacent pores of lower pressure, In general, the gas
flow will be to the outer boundary and result in thermal energy being introduced due to fric-
tion. Heat transfer will occur between char and gas if their respective temperatures are
different. Varying temperature or pressure changes, or any combination of these two con-
ditions, can result in chemical changes in the gas (cracking or recombination), which will
absorb or generate thermal energy. As the gas passes the outer boundary, a portion of the
convective heat flux is blocked. As more and more heat enters the front face, reacting
laminates will completely de-gas, thus forming a char layer while moving the reaction zone
deeper into the body. And, of course, the outer boundary moves as a result of structural
failure, oxidation, or both. If the outer boundary temperature becomes high enough, the
char layer will either melt or be vaporized,

The problem at hand is to derive a mathematical expression that reasonably satisfies the
physical model described and is applicable to any point within the boundary. Furthermore,
the expression must be amenable to programming on the IBM 7094 Digital Computer for the
solution of practical problems. The problem is formidable but not impossible.

e
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?hysical Model

The physical model is that of a multicomponent flow of chemically reacting gases through a
porous media which is itself undergoing chemical reactions. The ablation material con-
sists of unreacted solid (denoted by subscript p), which decomposes to a porous solid (sub-
script C) and gaseous products of reaction (subscript g). The decomposition process can
be schematically represented as:

PE) ~» C©B) + Glg)

Before decomposition begins, the ablation material consists solely of unreacted solid.
After the process has gone to completion, only solid and gaseous products of reaction exist.

All densities are based on the same unit reference volume of the mixture (solid and gas).
Consequently, as the decomposition proceeds at a given location, Pp decreases from some
initial value to zero while P(. is simultaneously increasing from zero to some final value.

The gaseous ablation products are formed by the decomposition of the unreacted solid
material. They are a mixture of many different chemical species which flow and diffuse
through the porous solid. The various species may react with one another in the gas phase
resulting in the familiar "cracking' effect. They may also react with the surrounding
solid material, causing a reduction (or increase) in solid density.

In order to validly apply continuum theory to a porous media, all quantities are presumed
to be suitably averaged over a small area - small with respect to the macroscopic dimen-
sions of the material but large with respect to pore size. It is assumed that the ratio of
pore area to total area is the same as that of pore volume to total volume, the latter quan-

tity being the definition of porosity.

The solid species remain stationary as the displacements due to thermal expansion, a
stress field and/or changes in molecular structure are generally negligible. All species
are considered to be pure substances. External body forces (e.g. gravity) have been
neglected as they are small for all practical applications.



Equations of State %

The caloric equation of state for each solid specie is assumed to be of the form:

ep = ep(T) e, = ec(T)

Thus, for any process:

T
e = C dT +{e 1
p f vp (F) 1)
P/
Tg R
T
/

ec=/ ch dT (ch> )

T

Ty R

The internal energy accounts for thermal and chemical energy. The solid species do not
have a thermal equation of state as their densities are determined by the application of non-

equilibrium reaction kinetics.

The gaseous products are assumed to be a mixture of chemical reacting perfect gases.
Thus, the thermal and caloric equations of state for each specie are:

R
Pi =0 M T 3)
i
T
ei = /Cvi dT+<eFi> 4)
T
T
R R
T
hi =/ CpidT+ (eFi) (5)
TR TR

Note that Pj and p; are partial quantities which are based on a reference volume of the
entire mixture (solid plus gas).

|



For the gaseous mixture as a whole, we have (assuming Dalton's Law of Partial Pressures

is valid):
R
P=p7 T (6)
g
o
_ 1 N
Mg = Ki Ki = (7)
—/ M.
i i
eg = Ki el (8)
i
h = h
g Ki i )

Note that these assumptions imply that pressure, stress, chemical reactions, etc. have a
negligible effect on the specific internal energy of each species. Obviously, they do affect
the amount of each species present at a given location and thus they do effect the total

energy.




Diffusion Velocities

In the flow of multicomponent gases, diffusion currents are generated by gradients in con-

centration, pressure and temperature. For the present problem, pressure and thermal

diffusion effects should be small and so they are neglected. The velocity of the ith species

relative to a fixed coordinate system is defined as V The mass-averaged or observable
velocity of the total gas flow is defined as:

Z pivl
i

The diffusional velocity of the ith species (\_;

relative to the mass-averaged velocity. di

) is defined as the velocity of the ith specie

Vdi=Vi—V

Note that:

Zpivd. :Zpivi' Zpiv
1 1 1 1

To summarize, the absolute velocity of the ith species is given by the vector sum of the
mean flow velocity and the diffusional velocity of the ith species, and the mass averaged
diffusional velocity is zero.

_\=—-h v
Vi V + di

. (10)
Z pVy =0
1 1

For ordinary concentration diffusion in a multicomponent gas, a first order approxima-
tion for Vd is that it depends linearly upon the concentration gradients of all species. For
a mixture of perfect gases (p. 569, Reference 4):

0, V E:MMP v X
4 °g i#j oo

Use of this equation results in a formidable mathematical problem to determine the com-
position of the mixture. Also, since we are dealing with transport phenomena in a porous

e



media, its accuracy is not assured. It has been noted by Von Karman (Ref. 1) that "...

the process in a multicomponent mixture is so complicated that one mostly uses an approxi-
mation by considering the diffusion between one appropriately chosen component and the
mixture of the rest replaced by a homogeneous gas of average characteristics', i.e., an
effective binary mixture insofar as diffusion is concerned.

With this approximation, the diffusion velocity is related to the mass concentration by
Fick's Law:

oV, =- p D vKi (11)
The concept of an effective binary mixture would be a useful starting point in accounting for
the effects of diffusion. Probably the largest error in this approximation is that the dif-

fusion coefficient for each specie is the same.

Momentum Equation

Experimental evidence for the flow of a gas through a porous media indicates that the usual
momentum equation of fluid mechanics does not apply (e.g. Reference 9). Consequently,
it must be replaced by an empirical relationship between velocity and pressure. For the
flow of a homogeneous gas through a porous media at low velocities, Darcy's Law is rea-
sonably accurate (Reference 9). Very little is known about the present case of chemically
reacting flow through a media of variable porosity. It will be assumed that Darcy's Law
gives an adequate representation for the present problem, although other forms could be

used if desired. Thus:
—- k
V=-9v—P 12
" (12)

where k is the permeability of the charring material and u is the viscosity of the ablation
gases. These quantities are normally determined by experiments.



Continuity Equations

The principal of conservation of mass as applied to the ith gaseous specie within a station-
ary control volume says that the rate at which mass is accumulated within the volume equals
the rate at which mass is transported out by convection and diffusion plus the net rate of
production due to chemical reaction. The mathematical statement of this is:

d -~ - .

=z = - p

o p, AV / i(V+vdi) . ndA + /WidV (13)
v A v

Here, Wi is the net amount of specie i produced per unit volume per unit time. Note that

W; includes the formation of the species from the unreacted solid as well as any further gas

phase or gas-solid phase reactions that might occur.

The surface integral involved in (13) can be transformed into a volume integral by means of
the Divergence Theorem *:

— + —_— . _ _ v . - —
_[pi (V Vdi> n dA / pi <V+Vd_) dv
A \ !
The order of integration and differentiation can be interchanged* so that:
op.
d _ i
+ [ 9 dv = f 5z dv
v v

Substituting these relations into (13) yields:

op.
)y N .
/ St—+v-pi<V+Vdi)—Wi dv =0

v

Since the volume is arbitrary, the integrand must be identicially zero. Thus, the species
continuity equation is:

api — —_ .
-a_t + V. pi (V+ di) = Wi (14:)

* It is assumed that all functions are continuous and continuously differentiable and that the
region is simply connected (Reference 6).



Summing this equation over all gaseous species and noting that
24 Vg = O DA QW W,
i i i
results in the continuity equation for the gas:

apg N .
—2 + v, V=W 15
Y Py . (15)

Now, gas phase reactions do not change the total mass of gas present; rather, they redis~

tribute the species. Therefore, Wg = Z Wi is the total rate at which gas is being pro-
i

duced by the decomposition of the unreacted material and by gas-solid phase reactions.

The continuity equations for the solid species are:

app .
— =W 16
dt p (16)
ap

e .
— =W 17
3t c a7

W, is the rate of depletion of the unreacted material due to decomposition. For charring
ablation materials, the decomposition is irreversible and the rate at which it proceeds is
generally limited by chemical kinetics. Wp is deduced from TGA (thermogravimetric
analysis) experiments and is often expressed analytically as a single nth order reaction
with an Arrhenius ""rate constant'.
. n
Yo A (pp)

E
A—Aoexp (— RT)

\5Vc is the rate at which char is formed from the decomposition of the unreacted material
(generally a known fraction of Wp) plus gas-solid phase reactions. There is no overall
production of mass so that:

W +W +W_=0 (18)
p c g
It is useful to separate out the mass production rates due to the decomposition, the gas

phase reactions, and the gas-solid phase reactions. This can be done by introducing some
new quantities.



W= - \3vp + \iv('; ' (19)

g
i

~1L-f)W_+W" 20
(L= f) W+ W (20)
Here f, denotes the fraction of unreacted material which forms char (not necessarily con-
stant) and the superscript double prime denotes gas-solid phase reactions only. The first
part of these equations state that char and gas are produced from the decomposition of the

unreacted material, while the second part accounts for additional formation due to gas-
solid phase reactions. Note that

TN o— _wn 21
wg wc (21)

which follows from (18).

Finally, the species continuity equation can be expressed in terms of gas phase reactions
only. Using P, = Ki pg and the chain rule on (14) yields:

aog ?*Ki .
: ! vk |+v-[{po V. K | :
K=t " %" "% = 'Y i (pg d, i> Wy

The first term in brackets equals Wg by virtue of (15) and so:

dK,
1 37 1
. . K.V =W! 22
pg [at +V VKi] + v (og i di) i (22)

Where:

W! =W.-K W @3)

i i ig

W'1 is the net rate of production of the ith species minus the amount of the ith species formed
by the decomposition of the unreacted material plus gas-solid phase reactions. Consequent-
ly, W. is the net rate of production due to gas phase reactions only. Note that:

i
o
E W. =0
i
i

T



In general, the Wi' are functions of temperature, pressure and composition and are deter-
mined from a knowledge of the exact chemical reactions (and the.sg rates) which occur. For
very slow reactions in the gas phase (i.e., "frozen-flow'"), the W; = 0. For very fast
reactions, the flow will be in local thermochemical equilibrium and the Wl' are determined

by imposing constraints on the composition (i.e., equilibrium "constants').
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Energy Equation

The energy equation is derived by applying the First Law of Thermodynamics to a station-
ary control volume within the material. This means that the time rate of change of the

total energy within the volume equals the rate at which energy is transported into the volume
minus the rate at which energy is being convected out plus the rate at which work is being
done on the volume. The mathematical expression is

d V.V -~ -
it [ppep+pcec+zpi (ei+ 2 ):l dV——fQ n dA
A

\Y i

(24)

—fl}:o.? (e.+ V'V)-B‘] dA + /Ti-if’dA
A i i 2

i A

The energy flux vector Q may be expressed in terms of contributions due to heat conduc-
tion, thermal radiation and diffusion (References 2-4):

-
Q=q,*ag +Zifpi Vdi b,

It now remains to relate the heat flux vectors and the surface force per unit area to the
variables of the problem. Since the solid and the gas are in intimate contact, it is assumed
that the temperature of the gas equals that of the solid. The conduction heat flux vector is
approximately linearly dependent upon the temperature gradients. For an isotropic
material* this implies

qc =-KvT
which is Fourier's Law.

For an isotropic material, the heat flux depends upon temperature gradients through a
second order conductivity tensor. In rectangular cartesion coordinates, this is (p. 38,
Reference 7):

= 3T o

q =K

e i, X, G (25)
j j

* Isotropic material - media whose structure and properties in the neighborhood of any
point are the same relative to all directions through the point (p. 6, Ref, 7)

A-11



For example, the ablation material may be somewhat anisotropic due to fiber-type fillers
in the solid material or because of the changes in composition. *

For the purposes of the present analysis, the material will be considered isotropic although
it is noted that it would be easy to include (25) in the analysis should sufficient data be
available to justify it. Thus, the conduction heat flux vector is related to the temperature

by:

Efc:-KvT (26)

Note that the conductivity will be a weighed average of the conductivities of all species that
are present, both solid and gas.

In general, the radiation heat flux vector accounts for the net effect of emission, absorp-
tion and scattering of thermal radiation of all wavelengths within the material. It is usually
assumed that scattering is negligible, the material is isotropic and that the optical proper-
ties do not depend on the wavelength. Even with these drastic assumptions, the calculation
of Q’R is quite complex. Thus, for practical calculations, (_;‘R is usually neglected and the
transport of thermal radiation is approximately accounted for by an increase in thermal
conductivity with temperature.

The surface force per unit area can be related to the stresses by considering the forces
acting on a small tetrahedron (p. 101, Reference 8).

P=n-T
T is an outward unit normal and T is a second order stress tensor whose components are
o,

i’
J

Note that this is a dot product of a vector with a tensor and the result is a vector which is
different than 0, both in magnitude and direction. Using indicial notation, the surface force
would be expressed as:

—

_f’=0. n. e,
1j1]

The required work term is:

—_—

.V = (V-T)-n

ol

The stress tensor may be separated into a hydrostatic pressure component (a scalar) and
a viscous stress tensor.

T=-P+]T

* An excellent example of an anisotropic material of current interest is pyrolytic graphite
but since it does not decompose in depth it is not pertinent to the present problem.
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For a linear isotropic fluid, the viscous stresses are linearly related to the velocity gra-
dients. For the purposes of this analysis, the viscous stresses will be retained in the
general form of . The final form of the work term is then:

PV=-@W- -0+F-7)-1

Substituting (26) and (27) into (24) and following exactly the same procedure as with the
species continuity equation results in the differential energy equation:

A V-V = V.V
gt_[ppep+pcpc+izpi (ei+ 5 >]+V [iniV (ei+ ) )]

+V.§:°ivd.hi:|= v+ KvT- v qR—V-pV+V- (V'I,)

1

(28)

The various terms of the energy equation can be expanded and rearranged to a more con-

A -
venient form. Adding the term A_l:; + v+ pV to both sides of (28) and using Dalton's Law
gives:

p. — —
o i V-V
ot [ppep+pcec+;pi (ei+p " 2 >]

p. — —
— i V-V -
+ v [Zi:piv (ei+—p—_— + >] 4V [i indihi] 29)

1

Noting that
p

i
h =e + — H = .
ooLh f: Z:ip]l

and using the chain rule, (29) can be expanded to:

de op oe op ah, 3p.
0 —LP e —L2 o —Cie =24 o) — +h, —
p ot \ ot c ot c ot T i ot i t
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Noting that the temperature of the gas equals that of the solid, differentiating the caloric
equations of state, (1), (2) and (5) yields:

de ah.

_P _ oT i _ oT

ot CV t ot Cp. ot
p i

de

_c _ oT _

5t CVc >t vhi— Cpi vT

dT o0, n, "0y
ppCV +pch +Z:picpi Bt N ep ot +ec ot +lei Bt

p c i

The second and eighth terms can be simplified by use of the continuity equations. Using
(14), (16) and (17), the second term becomes

[:I =e \;V+e\5v+2h,w,
P p c c T i1

Using (23), this last term is:
S h - SW'n + W b
- ii - i'i g g
i i
From (19), (20), and (21) we have:
Wo=-f W +w"
c cC p c

W =-(1-f)W +W"
g ¢ "p g
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Combining these relations, the final form of the second term of (31) is:

|- ] == W [(l—fc)hg+fc ec-evp]+zi:wihi—wc G -e) (32)

The eighth term of (31) can be expanded to:

—_ 30 - -
V.V g = 2 (F-9). = V.V

R —~£ 4v. = :

[ ] 2 [at * pgv]+pg|:at< 2 )*V V( 2 >]

Using (15), the final form of the eighth term is:

V-V, 3 (V-V). = V.-V
[] - Wg+pg[at< - >+V-v( 5 )] (33)

Substituting (32) and (33) into (31) yields a final form of the energy equation.

. aERE

Storage
(oS 00 5T, ) 22
p o ¢ g pg ;
I
Decomposition

Cracking Gas-solid phase reaction

-W l:(l—f)h +f e -e ]+§ Wh-W" @ -¢e)
p c"'g cec¢ p ii c g c

I I v
Convection Diffusion
pEV-vT+§p_cV-vT
& Pg Tl
v VI
Heat Conduction Thermal Radiation Pressure Kinetic Energy
- dP V.V ¢
= V. - . e W
ve KvT v qR + 5t + 2 o
VII VIII X X

Viscous Stresses

. 3 (7% o (T-F
+ V.(V.l)—pg{at( 2 >+V-V< 2 >} (34)

XI
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Summary of Equations

Energy Equation

— B_T .
(ppCVp+pCCVc+ngpg) St —Wp [(1-fc)hg+fcec ep]

* t °« 1t —_— — —_—
Z - - . z h -9vT
+ i Wi hi Wc (hg ec) + pg Cp V- vT+ : o Vd. i v

g i
(39)
. ?P V-V . =
= v KvT - -qR+a—t+ > Wg+v-(V-:\rJ)
. Xl V_-j_f‘>+v. v U)
g at 2 2
Species Continuity
aKi
—_— — l'
—_— Y v. =W 6
pg v +V Ki + indi ; (36)
Continuity
do
_g‘.. VAN _\:_ - i - V"
o + ng (1 fc) Wp Wc 37)
ap
p .
—= =W 38
apc .
3t =—fC Wp+ Wc (39)

The various terms of this equation are identified as:

I energy storage

Il energy absorbed due to the decomposition of the solid

IIT energy absorbed due to gas phase reactions (i.e. cracking)
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v energy absorbed due to gas-solid phase reactions

A" energy transfer due to convection

VI energy transfer due to diffusion

VII energy transfer due to heat conduction

Vil energy transfer due to thermal radiation

X rate of work associated with the pressure

X kinetic energy associated with gas formation

X1 rate of work associated with the viscous stresses and kinetic energy

The "heat of decomposition'' appears in term II.
=(1-f)h -
hgf ( c) g i f<3 e evp

[f the usual momentum equation could be used to simplify term XI, it would reduce to the
familiar work of pressure forces plus the work of viscous forces (i.e. V. v_ + ¢ where ¢
is the dissipation function). p
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State

R
P = — 4
o 3 T (40)
g
Momentum
— k
V=-—VvP (41
" )

V. =- v 42
ind pgD12 Ki (42)

Neglecting 7, and 4R, there are 6 + 2 (N-1) equations for the following physical variables
(N is the total number of gaseous species):

T’p’pc’p’P’V’—v\’K

p g di i

These equations require that the following material properties (10 + 4N in all) be known
functions of the variables.

A-18



Discussion ﬁ

The equations developed so far represent a quite general physical model of charring abla-
tion. They account for the simultaneous transfer of energy and mass within a solid material
of variable porosity which is decomposing. The ablation gases may be flowing, diffusing,
reacting with themselves or reacting with the char and they are not necessarily in local
thermochemical equilibrium.

It is generally desirable to invoke further physical assumptions in order to simplify the
mathematical analysis and to reduce the number of required material properties, which are
often not known. Several of these assumptions will now be discussed.

Two approaches will be described for the simplification of the general equations derived
above. One approach to the problem is to simplify the gas chemistry while retaining the
gas dynamical features. The ultimate end in this approach is to assume that the gas con-
tains only a single specie. Note that this assumption does not exclude gas-solid phase
reactions. Thus, we have vdi = 0, Wi = 0 and the species continuity equation is super-
fluous. Neglecting the radiant flux and using the definitions of WC (19) and W_ (20),
equations (35) - (39) simplify to: g

Energy
3T : . —a
p C +e C +p C — +{W e +W e W h J+(p C V)- 9T
p vp ¢ ve g p_Jot pp g p
g g
(43)
V.V — B (V-V » (V.V
=v KvT+a + 9 Wg+vwl)— g[at<2> \<2 >]
Continuity
aDg — .
5 v. V =W 44
st % g (44)
9P
p -
—_ =W 45
ot p (45)
ap .
(¢
- = 46
ot Wc (46)
W +W +W_ =0 (47)
p c g
A-19

_l



State

R
P=p M T (48)
Momentum
- k
V=-v— P 49
” (49)

These equations were first derived by S. M. Scala. Scala distinguishes between the volume
occupied by the gas and that by the solid, and so the correspondence between nomenclature
is: .

Present Derivation Scala
1-¢ !
Po ( )op
1
Pe (l-e)p,
]
€
Py ( )og
p (e)p
T (e)my
_ J
K ek +(1-¢)k
g S

¢ is the porosity of the material, which is a variable,

The gas density used in the derivation of the equations described here is the weight of the

gas in a given solid-gas volume divided by that volume. The gas density referred to with-

in the REKAP program is the above density divided by the porosity of the material. Porosity
is defined as:

_ Actual Gas Volume _ Void Volume
Total Volume  Total Volume

The porosity is calculated at each time step by:

— 1 1 °s

=1 - -\ =
(5 E

c VD, vp

The thermal conductivity of the gas (kg) and thermal conductivity of the solid (Kg) are each
based on their respective areas.
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Where P, is _the final density of the char based on the volume of the char (i.e. if the char is
carbon then F; is equal to the density of carbon) and 5 is the initial density of the virgin
plastic before heating or any charring has taken place.

Another approach, which is opposite in spirit to the previous one, is to simplify the gas
dynamics and to deal with various limiting forms of the gas chemistry. Obviously, there
are many possible ways of accomplishing this. We shall follow an approach which has been
commonly used for engineering calculations. The key assumptions used in this simplifica-
tion are that the gas is in local thermochemical equilibrium and that diffusion is negligible.
This means that the gas composition is a known function of temperature and pressure.
Finally, it is assumed that radiation can be accounted for as an increase in effective con-
ductivity and that the mechanical work terms are negligible compared to the thermal terms
in the energy equation. All of these are reasonably plausable engineering assumptions.

In the absence of diffusion, the species continuity equation (22) is:

aKi
—= b |
pg[at +V-vKi]_wi

Since the composition is a known function of temperature and pressure, this implies:

dK oK
L ) i 3T — i 3P —
= —_— = v — - .
Wi pg(aT) [Bt 1V T]+ Og(BP) [at +V VP:]

Substituting this into the energy equation (34) and neglecting diffusion, radiation, and
mechanical work terms we get:

p C +p C +p6 ﬂ—W 1-f)h +f e -¢€
pvp c v, gpg ot P ¢ g c c P

T\ [er = K\[sp =
1yt . h °r L ¥ 5
N pg(Zi: e AL pg<; Cxp ) |sp e Veep (50)

-w" —e)+fo € VY vT = v.KVT
c (hg c) (og b, )

The continuity equations (34) - (39), thermal equation of state (40) and the momentum
equation (41) remain unchanged.

It is possible to simplify (50) even further by neglecting the gas density in comparison with
the solid density, while retaining the mass flow rate term. This implies thatasp - 0,
Pg V remains finite so that V - « , i.e., the "residence time" is negligible. This"“means
that the equation of state and the momentum equation are superfluous. The pressure is
assumed to be uniform at its ambient value, which is not necessarily steady. The
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continuity equations remain unchanged except the time derivative of the gas density in (37)
is dropped. The energy equation (50) becomes:

oT
+ - ] - = vy« KvT

(ppCV pCC )at+p V< Zh1 ) vT = v

p

(51)
e 1
1- - -

Wp [( fc) hg+ fc e, ep] + WC (hg
Various forms of this equation in one dimension are the usual starting point for engineering
calculations (e.f. References 10 - 13). The REKAP program, without the pressure option,

is one such program neglecting the gas-solid phase reactions and by combining equations
(37) - (39) and (51), the following equations result.

Energy:
3T
<°C+pe )at+pVC Zh 3T ax
p
f
-2 Ka—T +—a- + h + C_ e - L e
TX\\T3 gt \5 TR 1-f % 1-f %
c ¢
Continuity: X
V =- —§-( +p )dX
Dg 5t \P o
backface
Density:

37 (pp* o) == (- 1) W
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The coordinate system used in Appendix B is opposite to the one used here so that the sign

on ... dx and S is changed. The correspondence between nomenclature is:

X

Present Derivation

+
Op Pe

+p C
p. C P,

REKAP Program

cg
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Summary of the Equations Solved in Appendix B

Ngrm al REKAP Equations:

Energy:
) 9 3T = 3T
PCy 3t T 3X ( at)+Mg o THe |37
g g

Continuity: backface

. _ ap

i = - / % x

X

Density:

Ep_ = - °- pc VA e_ E/RT

ot pvp o)

vp

gf?

These are the equations that are solved in the non-pressure option of the program.

Pressure Option Equations:

Energy (Gas):

oT oT oP [=}

g __ 3T . 3P . 3 T
e Co3t "% Y X T T X <6Kg °X

. ) oV
+Wghg+ 3% <e'rij_V>—nga—t-

Energy (Solid): -

+
T c Vv ot oX

1-¢e)lp C +p C
p vp ¢

- (ec Wc " evp va) - Qtra.nsferred from gas

) Qtra.nsferred from gas
VZ oV~ Wg v
pg oX 2
oT
s
aX ]

If the temperature of the gas and the temperature of the adjacent solid material are the

same, the above two equations may be added together.
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oT oT oT
1- ‘ —_— = - ==
[ngp+( €) <ppCV +pccv>] ¥ t{ [ng+(1 e)KS:| X }
vp c
3P . . . oT 9
+h - + -p C o0 =
+ Y gWg (och ppr) pg pVg 5 + X (e'rijV)
2 .
— o V ov._ V2 ov. v Wg
B’ X Pg 51 2
Continuity:
9%  3(p_V
g . g ) - W
at 33X g
n
3p . . 0.~ 0 -E,
g vp pvp
d9p
VP _
ot va
3p
c _ g
ot Wc

W=\;V +W
s c vp

Momentum:
= D gRT R
V= X ( u € pg)

which was obtained by substituting the Equation of State in the momentum equation (12).




Boundary Conditions:

The boundary conditions that are of concern here are those describing the material heat in-
put or removal from the front and back face and the surface recession at the heated face.
The heating of the material can be described by three methods: front face temperature
(Ty), front face heat flux (g, and/or ('lhgr)’ and front face convective film coefficient

@_/bh or & _/AT).

Each of these quantities can be a function of time. The convective film coefficient option is
the one most commonly used for the analysis of rocket engines, however, for some propel-
lant combinations, it is necessary to account for the radiation (qhgr) from the exhaust gases.
The program includes the capability of combining the radiative flux and the convective heat
transfer by taking a thermal balance at the front face. The thermal balance is described by:

. . . . . oT
qnet_qc+qhgr_qrr—qb_Kw oX

The convective heat flux (Elc) is determined either from program input which is a function of
time or it is calculated from:

a
. (]
9 “an ® ~ Bep by =C, Ty
bl
or
0 :i (T -T)
qc AT T w

where hr is the recovery enthalpy and T,. is the recovery temperature.

If the convective film coefficient is in terms of temperature rather than enthalpy, the
specific heat (Cpbl) of the boundary layer gases must be set equal to 1.0 for all values of
gas temperature. The convective film coefficient is an input to the program and is con-
sidered to be a function of time.

The fourth term in the heat balance equation is the rate of energy loss from the front face
due to thermal radiation. It is expressed by:

4 =eocT 4

Uy w

. . -12 2
where o is the Stefan-Boltzmann constant which equals 0.476 x 10 BTU/sec Ft~ and ¢
is the product of the surface emissivity and the configuration factor (F,) between the point
radiating and the cold (relative to the hot wall) external environment.
The fifth term is the decrease in the convective heat flux due to the injection of ablation

gases into the boundary layer. This is commonly referred to as the "blocking action
effect.”" The expressions describing the blocking action were derived from the correlation
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of experimental data (References 14 to 34). The expressions for the blockage of the con-
vective energy are:

Laminar: M 1/3 o
3 =4 [ 69— e ]
b c M1 p 1/3
T
Turbulent:
., . e. 38 CT V)
qQ, = 94
N
0 h
qc/A
where:
Ml is the molecular weight of the injection gases
Mz is the molecular weight of the boundary gases

C,. is the ratio of the specific heat of the injection gases to the specific heat of the
boundary layer gases. (C_ /C
Py Py

P is the Prandtl number of the boundary layer gases.

M _is the mass injection rate at the front face. ~ lb/sec £t2

The quantities (M2/M;), CT and P,. are input constants while (i:lc/Ah) is the value of the
convective film coefficient. If the blocking action is expected to be significant (however, for
most materials exposed to a rocket engine environment, the blockage effects amount to only
a few per-cent of the convective heat flux) it is necessary to use the film coefficient defined
in terms of the enthalpy difference since that is how the above blocking action equations are
correlated. Included for completeness is the laminar blocking action equation although for
most rocket nozzle applications, the boundary layer is assumed to be turbulent.

The last term in the front face heat balance equation is the rate of thermal energy which is
transferred by conduction into the material.

The heat transfer from the back face of the material is controlled by specifying the back face
temperature (TBF) or heat transfer rate (GQgy) as a function of time. If radiation from the
back face is desired, included is a routine to allow for an air-gap or a non-solid layer in the
nozzle wall. Therefore, to account for radiation from the back face of a nozzle, the third
layer from the last in the program is the actual nozzle backside, the second from last is the
air-gap and the final layer is the nozzle surroundings for which the back face temperature

is specified. Using the air-gap routine not only can radiation from the back face be ac-
counted for but also natural convection and forced convection by the proper adjustment of
constants. For the details of the mathematical equations, see Appendix B and E.
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Front Face Recession

The front face recession is presently controlled by five methods: no melting, or recession,
specified char length, graphite oxidation and sublimation, refrasil option and fixed melting
temperature. The first method is normally used for the purpose of evaluating the tempera-
ture distribution within material which is known not to have a dimensional change. The
options most commonly used are the specified char length, graphite sublimation and the
fixed melting temperature. The fourth option which is referred to as the refrasil option is
based on the work done by Munson and Spindler (Reference 12). For this option, the heat
balance equation at the front face is:

d .
g 3L _

dX qhgr TY qb - (L) s

Where the surface recession rate is given by:

B -8,/T
. 2 3w
S—BlTw e

The constants By, By and 85 are determined from experimental data. In their paper, Mun-
son and Spmdler 11sted the values of By, B and Bg for silica phenolic as 0.00917 ft/secoR
2.0 and 1 x 10° R,

The quantity (p,L), the surface or final char density and the latent heat of fusion or vapori-
zation depending upon whether the material melts or is vaporized. Empirical and analytical
(Reference 35) work done on the analysis of glassy materials within rocket nozzles has
shown that the major portion of the surface loss to be by melting and not by vaporization.
Therefore, the value of L for a phenolic refrasil material should be the heat of fusion for
the char material which is primarily refrasil. The refrasil option has the disadvantage of
being relatively slow (requires several times as much computation time as the fixed melting
temperature option) since it must iterate on the rate of melt for each time step.

The fixed melting temperature option usually satisfies the rate of melt criterion after the
first iteration. The net heat balance for the fixed melting temperature option is the same
as for the refrasil option. However, the rate of melt (Sy;) is given by:

KdT L oe
dX qnet
T pCL

where p, is the density of the char and L is the latent heat of vaporization or melting de-
pending on whether the material vaporizes or melts. The gasification factor T is the ratio
of the char material which is either vaporized or melted to the total char that is lost. Some
of the char may be lost by char popoff or some other mechanical means. The value of T
must be determined experimentally. The front face is not allowed to recede until the front
face temperature reaches the specified melting temperature.
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The specified char thickness option is as the name implies, fjhe char layer is allowed to
grow until it reaches the specified value. Then the outer boundary moves at the same rate
as the reaction zone. The maximum allowable char thickness is determined by the material
and the environment to which it is exposed. The thickness values are determined from ex-
perimental data.

The graphite sublimation option for the control of front face recession also accounts for

the oxidation of most graphite materials including pyrolytic graphite and carbonaceous chars.

The rate of mass loss from the surface of graphitic materials depend on an oxidation pro-
cess, which is rate-controlled at low (< 1500°R) surface temperatures, but rapidly become
diffusion-controlled as the surface temperature rises (see Figures A2 and A3). For the
range of surface temperatures, approximately between 2500°R and 50000R, the rate of the
overall mass loss is dominated by the slowest step, which is the counterdiffusion process in
the multicomponent boundary layer. When the surface temperature is in this range, the
oxidation rate levels off and becomes insensitive to the magnitude of surface temperature,
simply because the mass loss is controlled by the diffusion of oxygen-bearing species to the
surface rather than the specific reactivity of graphite. At even higher surface temperature
(Tw > 5000°R) the mass loss due to vaporization exceeds the diffusion controlled oxidation
mass loss rate. This region is normally referred to as the sublimation regime. The re-
sults shown in Figure A3 were correlated (References 36 and 37) and the resulting equations
were: ”
_11.05 x 10

9 67 Tw

e

M =M |r+2.64x10° P °
t o] e

where the Mo is the mass loss within the diffusion controlled regime

. qc qc

M, = gr ~ ’ Y CTPEC — &GP TmELT
o * K *K, (hr-cpb1 T.) (Cp,g T EC G )

The quantities K; and Kg are input constants and for turbulent flow, their values are 4240
and 5, 77 respectively. The rate of front face recession is given by: o

M
S = t
P surface

The heat balance at the front face is given by:

K dT —ytye _ . .
ax Y T Ypgr Qp ™Y
11.06 x 104
where: R etnd ik
' 8 -.67 TW
S . ax .
4, =4, {1 S* (3.96 x 10°) P_ e

The local edge pressure Pg is an input quantity which is a function of time and S* is a
table lookup which is a function of the recovery enthalpy.
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NOMENCLATURE

surface area
specific heat at constant volume

specific heat at constant pressure

., K. C . = average specific heat
2 :1 i pi

specific heat of the boundary layer gases

ratio of the specific heat of the injection gases to the

specific heat of the boundary layer gases

multicomponent diffusion coefficient

binary diffusion coefficient

specific internal energy

energy of formation

unit base vector

fraction of unreacted material that forms char
recovery enthalpy

boundary layer gas enthalpy at wall temperature
permeability

thermal conductivity

p.

i .
—p—= mass concentration

conductivity tensor

constants in mass loss equation

molecular weight

ft2

BTU/lbm °R
BTU/lbm °R

BTU/lbm °R

BTU/Ib

ftz /sec
BTU/lbm

BTU/1bm

BTU/Ib

BTU/1b

f’c2

BTU/ft-sec °R

Ibm/mole



21

[o]

—1?— = average molecular weight
i

Mi
molecular weight of the injection gases
molecular weight of the boundary layer gases
mass injection rate at the front face
total number of moles per unit volume
pressure
surface force per unit area
boundary layer edge pressure
Prandtl number of the boundary layer gases
porosity
final density of the char based on the volume of the char
initial density of the virgin plastic

convective heat flux

heat flux due to hot gas radiation

reradiative heat flux

convective heat flux blocked due to mass injection
heat flux to the backface

conduction heat flux vector

radiant heat flux vector

universal gas constant

temperature

1bm/mole

1b/1b mole
b/ sec-ft2
moles/f’c3
lbf/ft2
lbf/’ft2

Ib /£t

Tof/ft>
1bf/ ft3

2
BTU/ft -sec

BTU/ftz—sec
2
BTU/ft -sec
2
BTU/ft -sec
2
BTU/ft -sec
2
BTU/ft -sec
2
BTU/ft -sec
1bf ft/1bm mole °R

OrR
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T recovery temperature °rR

Tw wall temperature OR
Tb ¢ temperature of backface R
2
T stress tensor 1bf/ft
3
v volume ft
{;i absolute velocity of ith species ft/sec
Vd diffusion velocity of ith species ft/sec
i
v mass averaged velocity ft/sec
Wi or w, net rate of production of the ith gaseous species due 3
to all chemical reactions lIbm/ft
W_'or W ,' net rate of production of ith species due to gas phase
i 1 . 3
reactions Ibm/ft
. . 3
Wg" or w'{'g; rate of production of gas due to gas-solid phase reactions lbm/ft
X mole fraction e
n outward unit normal
. 3
0 density Ibm/ft
2
Gi component of the stress tensor Ibf/ft
i
2
T viscous stress tensor Ibf/ft
2
U gas viscosity Ibf-sec/ft
-12 2
o Stefan- Boltzmann constant (0.476 x 10 Btu/sec-ft’) = -——---——-
T gasification ratio e
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SECTION I

INTRODUCTION

The purpose of the Appendix is to describe the philosophy, methods, and capabilities of the
REKAP computer program. The basic objective was to develop a computer program which
meets these requirements:

1. Solve the basic mathematical problems which appear in the variety of one-dimen-
sional heat conduction problems encountered.

2, Allow variations of the problem to be solved with a minimum of added difficulty.
A discussion of these two points follows,

Past experience has shown the following fo be important agpects of a good mathematical
solution:

1. A shrinking coordinate system., This allows melting to proceed without dropping
mesh points. We employ Landau's transformation (reference 1), In this report,
see Appendix Bl1.

2. Variable spacing. Many problems produce a very large temperature gradient at
the frontface. Thus, it is desirable to solve for more points near the frontface
than the back. This is accomplished with another space transformation (Appendix
B2).

3. An explicit system of difference equations. There are those who might question
the validity of treating this item as a fundamental objective of a one-dimensional
heat conduction program. Nevertheless, we believe it to be quite important, Very
often the solution for temperatures at one or more points requires an iteration.

For example, in this program the boundary condition at the frontface produces an
implicit relationship involving temperature. The same is true for the air gap equa-
tions. An implicit scheme requires that all temperatures be obtained at each stage
of the iteration. Also, it might prove formidable even to write an iteration scheme
to solve two such relationships in the same problem. Another advantage of the
explicit scheme is better approximations for the coefficients of the partial differen-
tial equation. Omne can avoid the time lag that often occurs in implicit difference
equations when evaluating these coefficients. The major argument against the ex-
plicit equation is, of course, the problem of stability. In the original program two
explicit difference equations were employed:

a, The first is a modification of the '"usual'' explicit difference equation, and at
times requires an unreasonably small time step (reference 2, p. 107).

b. The second is the Dufort-Frankel scheme. It is always stable but has a poor
truncation error term (see reference 3 and reference 2, p, 107).



For the most part good results were obtained with these equations. However, two major
problems appeared - both in the Dufort-Frankel scheme:

1. In some cases, particularly those involving a small temperature drop, the poor
truncation error term became dominant and large errors resulted.

2. In some cases, involving a sensitive frontface boundary condition, there was
difficulty in maintaining stability of the difference equation in conjunction with
the frontface equation.

We were not able to satisfactorily resolve these problems, and so in the new program the
two difference equations have been replaced with a third explicit difference equation (see

Section II). The truncation error term is now similar to that which appears in the usual

explicit scheme and so far we have experienced no insurmountable stability problems.

We come now to the second of our objectives - program flexibility. This concept, unfortun-
ately, is a subtle thing which appears to be neither well-recognized nor well-defined. In
prescribing objectives for the program, the following things must be kept in mind:

1. The mathematical techniques are such that a portion of the program that has
worked successfully for many cases may not work for a new case. When every-
thing is working, it really makes little difference how we write or organize the
program, However, when there is difficulty, a poorly written program can make
it extremely difficult to find the problem, let alone correct it.

2, Various mathematical models, which from a physical point of view appear to be
entirely different, often turn out to be almost identical in terms of programming

complexities.

3. The problem is of a long-range nature. There is an almost constant need for such
programs. Thus, maintenance becomes a formidable task,

Some program objectives, then, would be these:

1, Isolate, through program techniques, those portions of the program in which
mathematical problems may arise.

2, Isolate those portions of the program which appear to be subject to change as we
vary the physical models.

3. Constant maintenance of the program,

In writing, we attempted to meet the first two objectives through the use of sub-routines
and through careful organization of the program,



SECTION II

The Physical Problem

We discuss first the portions of the problem that are general to all options now in the pro-
gram (Part A), We then discuss special options which are presently available (Part B,
Part C, Part D). (A fairly complete list of definitions of terms is contained in Appendix B6
of this report.)

A. We discuss the general mathematical model which the program is set up to solve.

Layer 1 | Layer 24 ————————— ([Layer i) ----- I(Laxer iy - lLaxer n)
X X X X

1 2 4 5
(F.F.) (B.F.)
1. We have one-dimensional heat flow, with up to ten layers. It should be noted that

reduction of the problem to one dimension assumes something about the isotherms.
Most of the problems here are in cartesian or cylindrical coordinates. This means
the isotherms are assumed to be planes or cylindrical shells perpendicular to the
line along which values are being computed.

Any of the layers, except the first, can be an air gap.

The thermal properties of each layer (specific heat and conductivity) are to be a
function of temperature.

At the interior points of each layer some form of energy equation is assumed to be
valid. It is put in this form:

2 2
2T _y (2t), (2T "), [2T), 4
d laxz 2\ox 3\ ax 4

where the bi =hb (x,t T).
i

At each interior interface point (x, in diagram) we have this equation:

2
o T 3 T 3T
-k ax/ “Ci\3t /T -k 3x

+
Ci = Ci (T) is intended to represent a p cp L term. It is inserted to account for

small layers of material in which the gradients are so small as to make accurate
computations difficult.

The term with subscript"-" is evaluated with properties of layer (i). The term
with subscript''+" is evaluated with properties of layer (i+1),



At the back face (x5 in diagram) there are two boundary conditions in the program,
(it is expected that for each particular case only one will be chosen!)

a. Either the temperature of the backface is given as a function of time, or
b. The heat flux at the backface is given as a function of time

3T 3T \_ .
('ka—x—>"’i <a—r>“’1“‘)

In the air gap we obtain temperatures at only the boundary points (x3 and x 4 in

diagram) no interior points are involved. We have these equations:

3T d T , . R
. - —_— -C — = + +
2 < k ax)_ j (at)_ (qr Olcv qcond)o
o _ [, 2T _ 3T
b. @, = (k ax>+ Cj+1(at)+

The Ci are as described in item 5 above. Terms with subseripts ""-'' are evalu-
ated at Xg with properties of layer (j-1).

Terms with subscript '"+'" are evaluated at x , with properties of layer (j+1).

4
Terms with subscript "o" are evaluated at midpoint of air gap with the properties
of the air gap.

= -h k
v c ( d
m
h = ¢ i&_ G llz“
c i r
4 2 - 3T
(A (o) (8 T~
Gr = 5 -
- T (1)
- 2 .
g = a + a, t+ a, t a, are computed from input constants.



1
- if GR < GR1

1
c = c,

i >

. if GR GR1

2
. » » . a T

= + + - A ——

q qr qcond qcv P cp 3

(See Appendix B6 of analysis section for definition of other terms.)
8. At the frontface (x 1 in diagram) we again have a choice of two boundary conditions.

a., Either the temperature of the frontface is read in as a function of time, or

b. <—k a——I>=f(t, T )
aX Xl

9. Melting can occur at the frontface. The various possibilities now in the program
will be discussed below.

10. If the length of the layer is extremely small, a special calculation can be made -
the thin skin option. For this case there is no melting or charring (or any other
internal phenomena other than the ""usual' heat conduction equation), and there
can be only one layer of material. The entire layer is assumed to have the same
temperature, which is calculated from this equation:

pc qnet

(Elnet is as specified in II. C.1). See Appendix B5 of analysis section for a further
discussion of this equation.,
Any of these equations can be modified, if necessary. At present the items most commonly
changed are the coefficients of the energy equation, the function f (t, TXl) in the frontface

boundary condition, and the melting option. We now describe some of the cases permanently
in the program, We will specify only items 4, 8, and 9. It is assumed that an appropriate
choice will be made for each of the others,

B. We list the options, presently in the program, for computing the coefficients of the
energy equation - item 4,



The simplest case is ""normal' heat conduction:

_k

bl_pc

p

1

b2_pkc

b
b3=b4=0.

dk

t =

k dT

k, k', Cp are functions of temperature,

p is constant,

The charring problem. (See Appendix A for definition of physical problem; in the
analysis portion of this report see Appendix Bl for further discussion.) It is
assumed that charring occurs only in the first layer. Past the first layer we use
the definitions above. In the first layer:

k
1

c
p
k

1
k 1

b = R
2 (pcp) kl

k = kl ka
k, =k_ (T) - table lookup
1 1
N

p - Oc 1
T = = - + —
ka ka(p) (1 cl) c; - o

vp c




Pa is density of char
pvp is density of virgin plastic

c, and N 1 are input constants.

1
c =c¢ c
p Py P,
c =ec T) - table looku
p,  °p, (T) p
N
P=p,\ 2
c =ec¢ (p)=@-c)+ec, [—"
Py Pa 2 2 pvp Pe
dk N1
k' = a _ k -1[1-c.’
a dp p-p a 1
c
cg = cp + HC
g g
c =c (T) - table lookup
s Pg
Hc =H (T) - table lookup
g g
N
- 1
30 _ P R @ o E/RT
ot | 7o

=z (p) - table lookup
E (p) - table lookup
universal gas constant
ny = input constant

Il

4
E
R

(Notethata density distribution is calculated through the first layer by using the
above equation at each point.)

A

1
. a p
m (X’ t) = f —_— dx
X

ap
= ~-H —_
& of (a t )
H _ =H _(T) - table looku
of of (T) p
(See Appendix Bl of analysis portion of this report for further discussion of this

equation,) B-7




C. The following equations are presently in the program at the frontface.

9ot and sI'n are gpecified together, they are given together,

» = . + . - * - -
1. et ~ % qhgr Y ™ Ylock
q e :

a. Table lookup

b, & = F<hr - hff>

F = film coefficient = F (t) - table lookup

hr = hr (t) - table lookup

h, =c T

tf P w
c =c (T ) - table lookup
Ppp Py V¥

qhgr = qhgr (t) - table lookup

. 4

q, =€0 Tw

®
Il

e (TW) - table lookup

-12
o = Stephan-Boltzmann constant (. 476 x 10 1 )
B -.38C_, @
(';C 1-e T 7o ]: turbulent
qblock - B MZ 1/3 ®,
q .69 (M_ : laminar
c | 1 p 1/3
My .
where C , p. are input constants
T s M r
1 1
h -nhn
- r w
?o w )
c
m = rh at frontface
w

Since quite often



For this qne ¢ the following two options can be used to calculate ém

a, ( -k Tx>=qnet T ( pL)sm
: rate of melt
m
o L p L (t): table lookup

T T (t) table lookup
after the frontface temperature reaches the melting temperature, s

8

Il

obtained from the above equation.

b. <'k Ty >=qnet

The maximum char length, Sc is given as a function of time

m
- "
éc © = ( F—F )
o " Pe
0:s -8 <s
c m c.
s, =1
s (t) - s (t): s -s >sC
m m
s =8 + ¢ (s* - 8 >
c c c
s:: coordinate of first point whose density cquals ¢ pvp
( € and o are input)
2. Graphite Sublimation:
-kT, =&t g -4 -4 -
x ¢ chgr ro bl 11.05 x 10*
T
W

a' =4 {1 —S*(3.96x10+8> (P ("67))
C e

e’ qhgr’ (.lr’ C.lbl are as defined in option 1.

=8 (hr): table lookup

S
Pe = Pe (t) : table lookup
~ m ¢
m 0

surface

s is
m



_11.05 x 104

T
» » 9 (—| 67) w
= + 2,64
mt mD 1 x 10 Pe e
m_ = qc -
+ -
D K1 K2 (hr c TW)

Pp1

K1 =K 1 (t) - table lookup

Ky

Il

K2 (t) - table lookup

3. Refrasil
<_ka >=Elnet " (pL)ém
qnet is as in option 1
p L =p L (t) - table lookup
By -8B 3/Tw

. _ T
Sm B1 w ©

Bi are input constants

D. By data reduction we mean calculation of new quantities, from already known values,
which have no effect on these known values. These can generally be added quite easily
to the program, since by definition they add no mathematical problems to the rest of the

program. Some examples are the following:

1. Printout of equally spaced temperatures: The points at which temperatures are
obtained are not equidistant in real space; also, they move if melting occurs.

This tends to make plotting difficult.

2. Heat balance calculation. This is intended to give an indication of accuracy
of results. (See section IX of analysis portion of this report.)
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3.

Stress computations (Appendix C). The following calculations are performed at
each time step at which output is required. Find first value of x, starting at
backface, for which T (x) =2 T AB let this be x*, Evaluate these integrals

(trapezoidal rule):

B.F.
I = dx
1 ok
B.F.
I, = f Edx
2 *
X
fB.F
I = Exdx
3 <
B.F. 9
I4=_£ Ex dx
X
N
B.F.
I5= ,!: E [onT—(onT)ref :ldx
X
B.F.
I=f E aT - (aT) ]xdx
6 X ref

(Several other calculations are also made.)
E = E (T) - table lookup (for each layer)
aT = a T (T) ~ table lookup (for each layer)

(a T)ref =aT (Tref)

T AB and Tre ¢ are input values.
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SECTION III
ANOTHER DIFFERENCE EQUATION FOR THE HEAT CONDUCTION EQUATION

A, We are concerned with attempts to obtain solutions to differential equations through
the application of difference equations. Actually one assumes that the particular difference
equation being used is a member of a sequence of such equations. To validate this pro-

cedure only two questions need be answered:
1. Does the sequence converge to a solution of the differential equation?

2. What is the rate of convergence?

The first question assumes that appropriate spaces have been specified for the solution to
the differential equation, and also for the solution to the difference equation operator. As
is well-known, this is not a trivial matter (some examples are listed later). Since we
want to apply any results obtained to actual computation (presumably by a computer), it

is very important that the space to be chosen conform reasonably well to the spaces which
we can reasonably approximate on the computer. The Banach spaces chosen by Richtmyer
(reference 4 )seentobe well-suited for this purpose. As pointed out there (p. 30), Banach
spaces are certainly adequate for representing solutions to linear initial value problems.
Also, one can think of Banach spaces as a ""computer' function: one expects a perturba-
tion of an interior point of a Banach space (such as truncation) to leave the point still in
the Banach space. We will assume, therefore, that the solution of the differential equation

and the solution of the difference operator both lie in suitable Banach spaces.

Because of the great wealth of literature on the topic, it is impossible (perhaps unfortunately)
to discuss difference equations without bringing in the question of stability. The point of
view to be taken here is that stability is to be studied only if it will bring some light to the
basic questions raised before. Here again, the results of Richtmyer (reference 4) are
consistent with this idea: Lax's equivalence theorem (p. 44) states that under the conditions
given stability and convergence are equivalent. Forsythe and Wasow (reference 5 do not
wish to restrict so strongly their function spaces, and so they carry along separate proofs

of stability and convergence. It is difficult to see the significance of a difference operator

which would be stable but not convergent, or perhaps convergent but not stable.

Some examples to illustrate these ideas might be the following:

1. Dahlquist (reference 6) proves convergence under more lenient conditions than
could be obtained by using the methods of either Richtmyer or Forsythe and
Wasow. But he has assumed his function to be analytic. As pointed out by
Forsythe and Wasow (p. 27), analytic functions are not ""computer' functions.

2. Henrici (reference 7)in discussing ordinary differential equations defines sta-
bility for linear difference equations. He later establishes the equivalence of
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stability and convergence (p. 218). This seems to be a reasonable result. In
defining the Runge-Kutta method, he can no longer apply his definition of sta-
bility. However, he does prove convergence even in the presence of the perturba-
tion term (p. 73). Fromour point of view this again is a fine result, for it

brings the domain of application to ""computer' functions.

3. Birkhof and Rota (reference 8) in their discussion of difference equations for
ordinary differential equations define stability in the same sense as Henrici
(p. 195). They then find that the Milne method is not stable (p. 204), although
it is convergent for any function in c? (problem 9, p. 207). Note that c?is
not a space of "computer" functions.

B. ‘The purpose of this note is to present another difference equation for the heat con-
duction problem. For constant coefficients it assumes the form:
au

3u _ g 27w
3t T N1 T2
3x

(I11. 1)

We will reduce our equation to one resembling the Dufort-Frankel scheme, from which
we will infer the stability of our equation. Richtmyer shows that the Dufort-Frankel
equation is stable (p. 85). He also shows that this is equivalent to boundedness (p. 44).
However, an explicit equation showing that the Dufort-Frankel scheme is a bounded
operator which achieves its maximum essentially on the boundary does not seem avail-
able. Such an equation is quite important for numerical work, as it brings out quite a

bit of insight concerning the behavior of the equation. This property is easily established
for the usual implicit and explicit methods (the latter, of course, under appropriate con-
ditions), see Richtmyer (p. 47 and p. 13). We now establish a result of this kind for

the Dufort-Frankel scheme.

We will use this notation;:

ul; = u(n At, j Ax).

uX in particular always refers tox = A

We assume values given on the boundary:

c
1]

fl (t): x=0

c
1]

fz (t): x=A

u = f3(x): t=0

The Dufort-Frankel scheme is obtained in this fashion:

QD

[=]
—
.
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u i+l i -1
2x° (Ax)2
then let nel n-1
u, o+ u,
LR | 3
i 2

Letting p= (28 1) AZ and substituting into (III. 1), we obtain:
(ax)

n+1l

n-1 n n
(1+p) uj = (1-p) u]. +Pp (uj+1 +u, (1. 2)

i-1)
as written this represents an explicit scheme, for all values at n+1 can be obtained inde-

pendently of other values at n+1 by using values at n and n-1.

If we change the order of computation, it is also possible to consider (III, 2) as an implicit
equation. Instead of obtaining at each step all values at next t, obtain all values on next

diagonal:

—

x
N o BN
P- EF :F _7_

] N\
1@ @
09 L S -8 4 @

0 1 2 3 a ) 6

We assume values givenatt =0, t = At, x = 0, x = A. Rewriting (II. 2)

n+l p u? Q= (1-p) u;l‘l +pul

1 u. .
(1+p) j 4 i-1

We indicate how to proceed by solving diagonally:

a. Obtain uf :

2 1 0 1
(1+p) Uy -puy = (1-p) u; +puy

1 1 0
Uy, Ug, U, are known,
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.2 3
b. Obtain u, and uy

2 1 0 1
(1+p) Uy - P ug = (1-p) ug + puy

3 2 1 2
(1+p) uy -pu, = (1-p) u; +puy

1 0 1 - s 2
ug, Uy, U, are given - this gives u,
1 2 . R 3
u;, ug are given - this gives uy
c. At nth step we have this system to solve:
(1+p) W2 - p ) = (1-p) w7k p ) 2
1 2 1 0

n n-1 -2 n-1
(1+p) Uy -pug = (1-p) u; +Ppuy

s i o2 -i-1
(1+p) u?+21 -p u?+; 1 (1-p) u?+zl +p u?+; > (111, 3)
3 2 1 2
(+p)u, _, -pu =Q-plu _ +pu o
2 1 0 1
(1+p) u -pu = (1-p) u +pu g J

Remark: If the diagonal encounters the line x = A before t = 0 the system
would simply be cut off sooner. The same is true for the line
t=t

1°

Let
L;“ = (1-p) u;n + p uPtl (IIL, 4)

j-1
Triangularizing equations (IIL, 3) - from bottom up -
(1+p) uﬁ =p w1

3
(1+p) wo,

4 [p
(1+p) uf , = (1—

1]
1
%"U
—~~
2
=
= =
+
P
+
N
o
%"U
S
=
[= K =]
+
oy
=
—

+p
. > (111, 5)
: i-2 i-2 (i-2-v)
i _{p 1
(1+p) Yn-j2 © (1+p) (p) Yne1 * v =0 (1+p) I“n-u
: n-1 n-1 n-1-v
°y .n+l P 1 P v
(1+p) ;™" = (1 +p) Pl u  ,+ fo (—1+p) L, J
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v

Ln—u

Let _I:n = max { ur11+1 , } (I11. 6)

Note that the weights in equations (I, 5) are all positive, This need not be so in equation
(111, 2).

Then, equations (III, 5) become:

_ p\i-2 12 7, i—Z-V}
= %(p) (W) +u§O <T;5)

=fn'f(p, i) fori= 2

ui
n-i+2

(1+p)

We verify that f (p, i) = 1+p:

i-2 p >i-2-u i-2 (p )v 1 - 1P p i-2
DA Sy =z i) = = (1+p) - p —~>
V=0 <1+p V-0 1+p 1 - P 1+p

or

u iof T (II1. 7)

We now show that the {Ln} are a decreasing sequence,

i+l

Lyg = ) n-i-1

1
u_ .+ u
n-1 n-1 p

Substituting equation (III, 5):

. i-2 i-2 i-2-v
i _(1-p) p\’ 1 p v
Ln—i " (1+p) {(1+p (p) Ypa1t UEO 1+p Ln-2-u
1

1]
il
- ot

+ {1
L
S
<
Prain N
y l"c
(]
SN ——
—
1
[\

+

L™ ~
&l
S—
T
AN
—
s/°
N——
-
i
o
- —
=4
=
1
Ju—
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. i-2 i
i . . v P i-1
L L) Ly, ¢ (1+p) F--d

1
no1=f @D, 5+

. b \i-1 [ pz] p )il 1_p2+p2] AYAAL
o ) o))" B )

p

i-1-v A i-1-v
£, {p,i,v) = [ I-py ., P | _ (P 1 _
27 p 1l+p 1+p p (1+p)

|
"
+
o

. i i i-2 v .
oo () () WA () = (e) () Lt
p] \l+p n-1 ;2 1+p/ 5 \ P n-2-v 1+p/ “n-1-i

n-1

We note again that the weights are all positive:

. 1\ (p\' |2 1 p “,'52 pY”. v
n-i p) \Tep) = {“n-1| "\ 2) \Tp Ny n-2-v
p v=0
Py, i-1
* \T+p n-2-i+1

From (IIL. 6)

. . i-2 v —
. . i i o 1+p . [P\ = L f(p, i)
L] ) () () ) 2 6 () e

n-i

We verify that f (p,i) = 1:

1 i-1
i-2 v 1- (2R i-1
> 1+p B P B 1+p
D) - 1+p PP
U=0 p - 'p—

i

L .
n-i

Thus,

or,
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Suppose we let:

u? < M1
us < M1
ug < M1
Lg < M,
Lrll-ll < My
Then, u;‘l < max [Ml,Mz]

We will show that M2 < M1 + ¢ (L)

or

n
u;
]

< M1+ e (ot), e(ot)» 0as At-+ 0
0 0 1 0
L1r1'un+p(un—1 _un)

1 1 dull 2
u o, =u+ Bx (a—x—>n + 0 (ax%)

1 0 dul0 2
un—un+At (W)n + O(At)

(I11. 8)

(11, 9)

1 0 dul}l dulo 2 2
un_l—unZAX<a—)-{—)n +At <W)n +O(AX)+O(At)

Lx

2 3
At At A
1 (Ki) +Cy (Ki) +0 (88 +0 (;z*)

1 0, At 1 0,
P (un_1 - un) =C <—«2—) (un_1 - un) =

AX

The consistency condition for the Dufort-Frankel scheme requires <é£> - 0

or

0 0
Ln_un-'- e (At)

The same is true for Lrll-l'

B-19



This completes the proof for the boundedness of the Dufort-Frankel method. Note that

if the diagonal studied in the proof encounters the line x = A, the system of equations (i.e.,
equations (III. 5)) are simply cut off sooner. The result is the same, Clearly the same
situation holds for the line t = tl. We might also remark that if (—ﬁ—xt—> - C, the difference
equations are still bounded, but the values are not so closely restricted by the boundary
values., If 2—; + + =, our results do not give boundedness, although the usual theorem
still gives stability. It might be that our results are too crude in this case; but it is
interesting that even in this case all interior values are tied to the boundary - it is on

the boundary that we do not have convergence,

C. We now define another simple operator. We then relate convergence of the new

operator to that of the old.

Let

We consider first linear difference equations with constant coefficients, and with '"symmetric
definition': the last condition is meant to imply that the equation about each point is de-

fined as every other point. The general multi-level equation of this type is given by:

% | ®°p (n+ar ) -p
z T a__u, = 0.
p-0 |q=-r_ P3 Ja

p

Such an equation is written about every point (n, j) for which we have enough neighboring

points.

% p (n+a1) -p

z %pq 2iiq -

=0 ==T
p q p

o S o S

o] P n+o -p o] P n—1+a1-p

z = apq uj+q + Z T apq uj+q =0+0=0,
:0 == :0 =
p q p p a I‘p

n < e : . n .
Thus, A]. satisfies the same difference equation, and so Aj converges or diverges as u?.

Suppose we now have this situation:

a sequence of difference equations is given for u?
for each of these equations a difference equation involving Al; can be uniquely defined.
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n

J

Suppose that NS (considered as a difference equation for u,, which also satisfies III, 1)

t’
converges uniformly to u, in the range. (Assume the boundary conditions appropriately

modified. )

Then the difference equation for u]j] converges uniformly to a solution of III, 1,

Proof:
n _n n v
1. By definition, u;-u, = T A.
i,y T
nAt n
2. f (w)dt= T wu At+ O (At)
0 v-1

1l

r;: [Af’ +0(at)+0 (Ax)] + O (At)
v-1 ]

n
T a’ +0(at) + O (ax)
v-1 ]

Comparing 1 and 2, the result is obtained.

D. We now define a difference equation for the heat conduction equation:
2
ou d u
3 - A 3 (II1. 10. 1)
X

It will combine the usual implicit and explicit schemes, the result being explicit.

We assume the function given on the boundary:

u=f, (t): x=0,0stgt (I1L. 10. 2)
u=f2(t): x=A,OSt$t1 (I11. 10. 3)
u=fy(x); 0 x 8 A;t=0 (I 1C. 4)

During the first time step, evaluate every other point with the explicit schewn.e. (Suppose
we begin with the first point.) The others are then evaluated with the implicit. However,
since the explicit points were obtained first, each implicit equation contains only one
unknown temperature. During the second time step, every other point, beginning with
the second, is evaluated with an explicit equation, and the others with an implicit. These

two cycles are repeated.
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We will, as before, use this notation:

u;] = u at time = n (At), and x = j (AX)

=u at time = n (At), andx = A

A

t1

uj = u at time tys and x = j (&x)
2.\n n n n

(8 )]. = uj+1 -2 uj + uj_1

For the explicit scheme we use:

n+l n

n n
g p uj_1 + (1-2p) uy p uj+1

For the implicit:

un+l - p un+1 _2p un+1 . p un+l o u?
J j-1 ] i+l i
where
At
p ="y B
(b x)

The new difference equation then assumes this form:

u2n—1 B u.'Zn-z (1-2 )u2n-2 2n-2

2j-1 ~ P Ugj.g * 11meP Ugy g * P Uy

J2n=1_ o 2n-1 o o o2n-1 0 2n-1 0 2n-2

2j T PUgoy TEPUg; FPUg .y Uy
and

u2n _ u2n—1 (1-2 )UZn-l u2n—1

2j ~P Y51 * PItgy  *P Uy

u2n _ Ll2n .9 u2n , u2n u2n—1

2j-1 = P Ugj.g = 4P Ugj g * P Uy +lgy

With boundary conditions 10. 2 - 10, 4 this is well-defined.

(IIL. 10, 5)
(111. 10. 6)

(II1. 10, 7)

(II1. 10. 8)

(II1, 11. 1)

(OI. 11. 2)

(I11. 11. 3)

(OI.12.1)

(II. 12. 2)

(II1. 12. 3)

(OI. 12. 4)

It will be convenient to have the precise explicit formulation for III. 12, 1 through III. 12. 4.

We do this now:

From III.12.1,

2n-1 2n-2 2.2n-2
- -1
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From III. 12. 3,
2n 2n-1 2.2n-1
u2j = u2j +p (6 )Zj
From III1, 12, 2,
2n-1  2n-2 [ 2n-1 Zn-l]
+ P u + u =

(1+2p) Ya5 T Ui 2j-1 * Y241
_ 20-2 W2N-2 (2202 202 2,20-2
“Ugj TP Ugiq PP gy U250 Y PO o

This is valid for (2j+1) (Ax) £ A
2.2n-2 2,.2n-2

2n-1 2n-2 2.2n-2
2.2n-2 2.2n-2 2 2n—2}

2n-1 _ 2n-2 p ‘

For (2j+1) (Ax) = A,
2n-1 2n-2 2n-2 (62)2n-2 2n-1
TPy Uae PO A YUy

{(1+2p) Uy =Ux g
2\2n-2  2n-1 u2n-2}

2n-1 2n-2 2,2n-2
(1+2p) <“A-1 ‘“A-1) =P {p(f’ Jag +(0)a 4+ Uy A
u2n—1_uZn—2 p (62)2n—2 (82)211-2 y2n-1 u2n-2
A-1 “Ya-1 Y \TEp) 4P a2 P A P \MA YA

From III. 12. 4, we obtain in like fashion:

2)2n-1 (2 Zn—I}

2,2n-1 )
2j-1

2n  _ 2n-1 p
u2j_1 = u2j-1 + (Tm) {p (6 )23_2 + P (6 )2] +

For j=1, this becomes:
2n-1 2,2n-1

2n _ 2n-1 p 2n 2n-1 2
“ax = Yax (1+2p> {(u ~ Y9 ) +p (8 )2Ax + (6 )Ax }

Thus, we have these equations:

2n-1 u2n-2 (62)211-2
- 2j-1 Y P10 a5

(I11. 13. 1)
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2n-1 _ 2n-2 b 2,2n-2 2,2n-2 2\2n-2
i e N (1+2p) {p (67951 + P (87)g5,1 + (8705 }

- for (2j+1) (Ax) £ A (I11. 13. 2)

2n-1 _ 2n-2 p 2,2n-2 2,2n-2 2n-1  2n-2
Uy go=ua T (mﬁ) {p(é )A—2 + (8 )A-l + GA S\ )} (111.13. 3)

and
2n 2n-1 2.2n-1
u2j = u2j +p (5 )2]. (I11. 13. 4)

2n  _ 2n-1 p 2,2n-1 2,2n-1 2\2n-1
Ups_y = Ugig * (1+*2p) {p (6 )2]._2 +p (5 )2]. + (5 )2]._1}

-forj#1 (IIL. 13. 5)

2n _ 2n-1 p 2n 2n-1 2,2n-1 2.2n-1
qu—-qu + (m) {610 -uO > +p(6 )2Ax+(5 )AX } (III.13.6)

For n > 1 we can further simplify equations III, 12, 1 through IT1. 12. 4. Forn > 1, @I, 12.4

gives:
2n-2 2n-2 2n-2 2n-2 2n-3
Puy o + (1-2p) Upio1 * p gy = 2 1.12]._1 - Ugip

or III, 12. 1 becomes:

Likewise, using III, 12, 2 in III, 12, 3:

u2n _ 9 u2n-1 _ u2n-2
2j 2j 2j

Thus, we have this system:

R . (IIL 14. 1)
ug?'l =p (62)3?-1 + ug?-z (11, 14. 2)
and
ug? -2 u%?—l - ug?-z . (IIL 14. 3)
2n 2.2n 2n-1 (IT1. 14. 4)

Upj_q =P (67095 9 + Ugj 4
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rewrite our equations in terms of the A? operator:
(111, 15. 1)

Finally, we

n _ n-1
Aj —u) u].
Equation IIL. 14, 1 becomes:
2n-1 2n-2
AZj-—l _623_1 -forn>1 (111, 15. 2)
Equation III, 14. 3 becomes:
2n 2n-1
A2j "AZj -n=1 (111, 15. 3)
Equation IIL 14. 2 becomes:
2n-1 2n-1 2n-1 2n-2
(1+2p) gy = p {qu-l + u2j+1] Uas
_ A2n—1 A2n-1 . u2n-2 . uZn—Z N u2n-2
=P |85y 850 | TP { M50 T 2in) 25
2n-1 2n-1 2n-2 2n-2
=D [Azj—l * A23+1] P [AZj-l + 891 ] *
N u2n 2 N Ll:2:1-3 . u2n-3
2j P {Y95-1 * 2541
2n-1 2n-1 2n-2 2n-2 2.2n-3
=p [Azj 1t Pae1 Y8251 Y Azm] + P (87D
uZn-Z 9 u2n-3
Flgy ot P Uy,
Substituting III. 13. 4 for p (52)22'3:
2n-1 2n-1 2n-1 2n-2 2n-2 2n-2
(1+2p) up, = [Azm F b5y TR Y A2j+1] + Bg;
2n-2 2n-2 2n-3
+ (1+2p) gy " 2p [u2j - Uy; ]
2n-~1 2n-1 2n-1 2n-2 2n-2 2n-2
(1+2p) AZj =p [A2j—1 + A2j+1 + Af?.j-l + A2j+1 ] + (1-2p) A2j
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2n-1 2n-2 2n-2 2n-2
(1+2p) A2j =2p [A2j—1 + A2j+1] + (1-2p) A2j

2n-1 2n-2 2n-1 2n-2
+P [AZj-l - A2j-1] +p [A2j+1 - A2j+1]

From II. 15. 2 we see that the last two terms are zero except for the case where (2j+1)}{Aax) -

2n-2 2n-3,
Also, A2j = AZj :

2n-1 _ 2n-2 2n-2 2n-3

for n> 1, (2j+1) (Ax) #A (1. 15. 4. 1)
2n-1 2n-2 2n-2 2n-3 2n-1 2n-2

(1+2p) AA—l =2p I:AA_Z +AA ]+(1—2p) Ay g *P [AA -AA ]1orn> 1

(1. 15. 4. 2)

Equation III, 14. 4 becomes:

2n 2n-1 2n 2n| _
(1+2p) A2j—1 =-2p u2j-1 +p [uzj_z + uzj:l =

B 2n-1 2n 2n 2n-1 2n-1
=-2p u2j-1 + P [AZj-Z + AZj] +p [qu-Z + u2j ]

2n 2n 2n-1 2n-1 2n-1 2,2n-2
p [A A ] -2p A2j-1 +p (6 )Zj-l

2j-2 F Baj * B2j_2 * By
Substituting IIL 13, 1:

2n 2n 2n 2n-1 2n-1 2n-1
(1+2p) A2j—1 =y ,:AZj—Z + Azj + A2j-2 + AZj ] + (1-2p) A2j-1

2n  _ 2n-1 2n-1 2n-1
(1+2p) A2j-1 =2p [AZj—Z + AZj ] + (1-2p) AZj—l

2n 2n-1 2n 2n-1
Suppose we now assume that:

0 Ajl (III. 15. 5)

From I, 15. 3, the last two terms of above equation are zero for j > 1, Using III, 15. 2

also:

2n 2n-1 2n-1 2n-2 C S
(1+2p) AZj-l =2p [AZj-z + AZj ] + (1-2p) A2j-1 forj>1, n>1 (I1.15.6.1)
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(1+2p) Ail:( =2p [A%n-l + Agr‘;—;] + (1-2p) AZAr;—l +

+p [A(2)n - A‘(Z)n-l] forn=1 (III. 15. 6. 2)

To complete the definition of the A" operator we need to specify A.l so as to be consistent
: n ) )
with the uj :

From III. 13.1, IIL 13. 2, TI. 13. 3:

1 2,0
Bgiy =P (675 ) (IIL 15. 7. 1)

by - (ﬁ-ﬁ) {p (61951 + P (69,1 + (52)31.} for (2j+1) (A%) £ A (IIL 15.7. 2)

1 _[(p 2,0 2,0 1
bp1 <1+2p> {p (6 )A—Z + (8 )A—l * AA} (II1. 15. 7. 3)

We now summarize the definition of A;.l:

1. ap =) - ug_l . known from IIL 10, 2 (IIL 16. 1)

2. Ah =uj - ug-l . known from IIL 10, 3 (I1L. 16. 2)

3. A]Q - Ajl (IIL. 16. 3)

4 Al =p (62)0 : known from III, 10, 4 (11, 16. 4)
L By %1 .10. .16.

8= () {p (62951 + P (655, + (6‘2’].)} for (2;, ) (ax) £ A:

known from III. 10, 4 (I11. 16. 5)

A.ll\-1 = <—1%_> {p ((52)2_2 + (62)2_1 + AX} : known from III, 10. 4 (III, 16. 6)

+4p
2n-1 2n-2
5. A2j—1 = AZj—l tnegl . (I11.16.7)
2n 2n-1
6. AZj = AZj :nz1l (I11. 16. 8)

2n-1 2n-2 2n-2 2n-3
7. (1+2p) AZj =2 [A2j-1 + A2j+1] + {1-2p) AZj

for n> 1, (2j+1) (ax) # A (I11.16. 9)
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8. (1+2p) As" = 2p [Ai':zz + Ai“'z] + (1-2p) 277
+p [Ai“'l - Ain-z] forn> 1 (IM. 16. 10)
9. (1+2p) Ag?_l =2p [Ag?__zl + Ag?-l] + (1-2p) Ag?_-lz for j> 1, n=1 (I 16.11)
10. (1+2p) A2 - 2p [Ag“‘l . Agz;l] + (1-2p) a30°%
+p [A(z)“ - (2)“‘1] fornz 1 (I1L. 16. 12)
DIAGRAM I

A" for black points are assumed known 1III, 16. 1, III, 16. 2, IIl 16.3, III. 16. 4

J 111, 16. 5, 11, 16. 6



aY for"o" points are obtained from I, 16.7, III, 16. 8 (near x = A and t = t,

"O'" and "@" could be reversed)

A? for "@'" points are obtained from III, 16. 9, III 16. 10, IIL. 1.6. 11, IIL 16.12.

E. We now investigate truncation error and convergence of .the difference equation.

For truncation error we look at III, 13. 1 through I, 13, 4.

We assume known:

Z)n
— Ay = w0 (axd)
(Ax) uXX] +

(6

n+1 n
uj - u]. 1
5 - @)y <ol

Equation III, 13. 1 becomes:

u2n—1 _ u2n—2 (62)2n—2
2j-1 " "2§-1 4 2j-1
At - 1 2
(Ax)
2n-2 2n-2 2
(ut)Zj-l + O (At) = Bl (uxx)Zj-l + 0 (bx°)

2n-2 2n-2

If we have exact values at time 2n-2, (“t)23-1 = Bl (uxx)Zj—l , or the truncation error

is 0 (at) + O (Ax).
Equation 1II. 13. 4 is similar.

Equation III. 13. 2 is slightly more complicated:

2n-2 2n-2 2n-2 2
(uxx)2j+1 = (uxx)zj + (&%) (uxxx)2j + O (ax")
2n-2 2n-2 2n-2 2
(uXX)ZJ—l = (uXX)ZJ - (AX) (uXXX)2] + 0 (AX )
2n-2 2n-2 2n-2
p (uxx)2j+1 + P (uxx)Zj—l * (uxx)Zj - (u )2n-2 p o (sz)
(1+2p) = Wkx’25 T \1+2p

p .
Note that (W) is bounded for p > 0.

2n-2 p (uxx)g?;f +P (uxx)g?-—lz * (uxx)g?—z 2
(u)yy = = (1+2p) Ay +0(axh)
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l12n-1 lJ‘2n-2 B
2j 725 _ 1 2,2n-2 2,2n-2 2,2n-2 1
At = (1+2p> [p (6755, + P (67)g;5_1 + (87)y; x>

+0(at)+0 (sz)

At B
since p = —12 , we obtain truncation error O (At) + O (sz)

(Ax)
Equation II, 13. 5 is similar.

Equation III, 13, 3 becomes:

2n-1 2n-2 2.2n-2 2.2n-2
Upy YAl :( A ) (6705 2 ) (651 i b ()22
At 1+2p (Ax)z (A x)2 xx’A
2
+0(at) + 0 (Ax7)
u2n—1 u2n—2
2n-2 2n-2 A T FA
Pylugda  =W)a "= —5g— —— + 0y
2n-1  2n-2 2.2n-2 ,.2.2n-2 , 2n-1  2n-2
YA-l TYAal ( Ay ) [p (670p g + (B0 y +lug " -uy )J*
ot 1+2p (AX)Z

+0(at) + 0 (8x2)
Thus, we again have truncation error O (at) + O (A xz), and equation III, 13, 6 is similar.

Summarizing the truncation error:
Equations III, 13. 1 through III, 13. 6 give truncation error

0 (at) + O (ax>).
We conclude that the consistency condition of Richtmyer is satisfied (p. 55-58).

We now investigate the stability of our system, Because of the non-symmetric definition,
equations III. 13. 1 through III, 13. 6 do not seem appropriate for the Fourier Series approach
of Richtmyer. Thus, we attempt to use the other criterion. Accordingly, we study the

A system defined by equations III, 16. 1 through III, 16, 12. We first note that the ""0"
points (diagram 1) form a system independent of the "O'" points. The equations for these
points involve other 0" points and boundary points. Note also that III, 16. 9 and III. 16. 11

are the same except for subscripts, and they are the equations of Dufort-Frankel except
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n
we have replaced p with 2p (see equation III, 2). Thus, ﬁ converges to a solution of
iy

IIL. 1 at alternate points if 2—; - 0. The remaining terms can have an additional error
of at most O (At). Thus, A?/At converges to a solution of Il 1 at all points. Now, by
the criterion of Part C, the difference equation III, 12, 1 through III, 12, 4 converges uni-
formly to a solution of IIL 1 if 2—; -0,

At the beginning of this paper we mentioned two questions: one was convergence, which
we have already discussed; the other was '""rate of convergence.'" A major criticism by
Forsythe and Wasow of the methods used here is that no effective technique is available
to study this problem, and this criticism is probably valid. A natural approach might be
to study A?. The problem would be to specifiy ¢ > 0, and then find AT-» At < 8T =
IA;l |< ¢. For our difference equation, since max lA?‘ = O (At), we can state that all
interior points will converge as fast as the boundary points; it would seem unreasonable
to expect anything more than this. As mentioned earlier, the usual explicit and implicit

schemes can also be written in terms of A?. The result would be the same. If convergent,

the interior points converge as fast as the boundary points. In light of the previous
boundedness proof for the Dufort-Frankel scheme, a similar statement is true here also:
from equation III. 9, we would have IA;l I = M1 + e(At) =0 (At) + € (At) - e (Ax)*» O,

so convergence probably would not be as fast. (Clearly, a rigorous result would require

tying the rate of convergence of A? to u?; this I was unable to do.)

Summarizing, the difference equation we have presented (equations III. 12.1 through
I11. 12. 4) has been shown to be convergent if 2—; —» 0. Wefeel it has certain advan-

tages over the equations now in use:

1. The usual explicit equation has a much more stringent convergence criterion.

2. The usual implicit equation is hard to extend to non-linear cases. (The equa-
tion presented here is explicit in the usual sense as in the Dufort-Frankel
scheme; however, point by point iterations are necessary in non-linear cases.)

3. The Dufort-Frankel scheme has a worse truncation error term, and does not
appear to converge as rapidly. Actual use has revealed the convergence prob-
lem quite strongly.
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SECTION IV
NUMERICAL SOLUTION OF ENERGY EQUATION AND BOUNDARY CONDITIONS

In Part A of this section we discuss the numerical approximations to the parabolic partial
differential equation (the energy equation). In Part B, Part C, and Part D we discuss
the boundary conditions: these include the frontface, backface, interfaces, and the air
gap. In Part E we discuss convergence problems arising from the simultaneous solution

of the differential equation and the boundary condition.

A, The equation to be solved in AL5 (Appendix Bl), which is obtained from II. 4 through

the space transformation (see Appendix B2:
_ 2
Tt = Bl T,,”7 + Bz (TT)) + /33 T,,7 + 34 (Iv.1)

The Bi are assumed to be functions of t, , T. Note that density, p, appears in these
coefficients. Its calculation can involve another partial differential equation. The problem

of solving these simultaneously is discussed in Section V.

The difference equation used is described in Section III for the case where 62 = B3 = 134 =0
and Bl is constant. Briefly, we alternate the '"usual" explicit and implicit difference
equations. The extension to non-constant ﬁi is straightforward: it simply means they
must be evaluated at the proper time level., However, there still appears to be much
freedom in the choice of an approximation to TTI' The terms Bz (Tn)2 and 433 T77 will

now be discussed. The 133 TTI term has produced difficulties. Suppose now Bz = ﬁ4 = 0.

The implicit scheme for IV, 1 would give:

At B
T+ o, Lodpnel _popiel el At B T
i i (a2 j+1 j i-1 3°n

The "best'" approximation to T77 would be this one:

TI.HI _ TI.1+1
T = j+1 j-1
n 2An :

At B At B
— and Pg= ——, We obtain:
aAn aAn

Then, with Py

n+1 n n+1 n+1 n+1 n+l n+1
Tj = Tj + P (Tj+1 -2 Tj + Tj-l Y+ Py An (Tj+1 - Tj-l)
or
n+1l n n+1l n+1
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In this form it is not necessary to satisfy a boundedness condition. It would seem that

the p, An term should not affect the stability of the system: Richtmyer (reference 4,

p. 98) shows that for constant Bi this term can be ignored in so far as stability is concerned.
Since stability concerns only the behavior as At and An approach zero, this is not un-
reasonable: if An is small enough, P, -Py An > 0 and a boundedness condition is satisfied.
However, we have encountered cases where this term caused oscillations which stopped

the run. It is possible to maintain boundedness for all values of A7n by changing the

approximation to T

T;l:ll _ T;‘l+1 T;Hl _ T;ljll
We then obtain:
n+l _n n+l n+1 n+1 n+l
T]. _Tj +Py (Tj+1 - ZTj + Tj_1)+p2An [al Tj+1 +

n+1 n+l
+(a2-a1) Tj -(12 Tj-l]

1 1
[1+2p1 + (al-az) Py ATIJ T}H = T'; + (p1 + Q4 Py An) lel:l + (p1 -azpzAn) T;ljll

We want to choose oy and 09 SO s to have all coefficients positive:
a. Suppose Py > 0:

1 P

Let¢12=min E,W

ay =1-0
1
Then, oy = 3 and o -, >0

Thus, all coefficients are positive.

b. Suppose Py < 0:

1 Py
Letalzmm E,W

=1-a

a9 1

Then, 0y =09 < 0, and again all coefficients are positive.
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Summarizing, we approximate T_ by IV, 2 where a., and a, are defined as follows:

n 1

= min l-———pl
o= z,lpzlAn

Oy =0

2 p2>0

a1=1-a

a, =

1 p2<0

ag=1-0y

The Bz (Tn)2 has also produced difficulties. The problem here has been somewhat dif-
ferent: It appears that this term can produce a multiple-valued solution to the difference
equation. One of these solutions is clearly ""incorrect,' so the problem is to cause the
iteration procedure to converge to the correct value, Consider now equation IV, 1 with

ﬁ4=0.

Let Féz,iﬂixfﬂ;

n+1 Tn+1

(We are considering only the implicit case.) Then IV, 1 takes this form:

Tt=ﬁ1T’nT) +B2/32T‘n+B:3T,’7
or
Ty =B Tpp+ (By By + B3) T,

If we now let ’32 BE + B3 replace [33 in our previous discussion, we can apply the previous
results so as to be sure lepr remains in the range of its neighboring values. This should

prevent convergence to a spurious solution.

We now substitute all approximations into IV.1. Let
0: explicit scheme
6 = (1v.3)

1: implicit scheme

At

r = (IV. 4)
T2
°  (am)
Tn+6 _ mh+d
r. = j+1 j-1 (IV. 5)

1 Y
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r. = Tn+6 Tn+6 (IV. 6)

2 = i1t Y
By = Bg + Byry
W
! By
o = min
|ﬁ3|An
(12:&
oo ) (. 7)
al=1-¢x2
o, =
1 Ba<0

B
™ot | L [r -2 T’.‘*‘S} .
— 7 [T2

! ! (8m) !

gle

n+9o n+6 n+6
[“1 Ti - %2 Tjop + (@ o) T, ]* Bq (

n+l  n —\ mn+0 n+6
Tj _T;i + T, (B1+a1An ,83)T].+1 +(B1—a2AnFQTJ._1

+ I:(az'al)j';s—An "2:81] T;l+6 + Ot ﬁ4 :

Let
n n+6 n+6
rg= Ty + 7, (B + oy nBg) Ty +r (B -0y AnBy) Ty5y + &7 By (IV.8)
Thus,
r [(oq-0,)An B;-28 ]Tn + T, explicit
el o (@27 328 | Ty +73
Tj = rg (Iv.9)

: implicit

ler [2 Bl +7 (-al-arz)”A»n B;]

Note that the explicit equation requires that the ﬁi be evaluated at (n, j). Since every-
thing is known at time n, this is not a problem. The implicit calculation requires that
the Bi be evaluated at (n+1, j). Since this involves the unknown, T;Hl, an iteration is
required here. Another problem arising here is the rate of melt, which appears in the
/:Si. Since we need it at time n+1, and since it is a function of the values at n+1, an over-
all iteration for all points calculated by the implicit scheme would be required: the

variable being iterated on would be the rate of melt. We have encountered cases where
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this has been necessary. All iteration problems are handled by the method described in

Appendix B3.

Since the explicit and implicit calculat%lons are alternated, a simplification of the explicit
rg-T

equations is possible. Note that 377 used for an implicit calculation for TI.1+1
L Bat n+2 ]

remains unchanged for the explicit calculation for Tj . Let

at, = n+2 - n+l
ot =t
FromIV.9,
T,
T;1+1 _ — 3
1+ [2 By + (aj-05) &1 '33_]
Tn+2_r r ‘ao-al) A B_-281Tn+1
j‘3+o[‘°‘21"3 1] T
as noted above,
At
— n_ = -1 n+1
L org-Ty=gg— (r3-T;)
o
ot
— -1
2 r, = Ato r,
Then, At
n+2 o — N n+1 n+1
Tj _AT-I- (r3-T].)+T]. -r, [(a1'°‘2)AT’ E5+2ﬁ1] T].
and
— n+1 n+l —
-T, [(ozl—az)An B§+231]=T]. =T]. - T4
t At
n+2 _n+l bty n o n+1
T] _T] +~A‘t—-T(r3-TJ)+'—5T:1—(T]. '@
{1 Ato Tn+1 _ Ato T
At_1 j At_l j
Thus, after the first time step we have:
Ato n Ato n-
1 + Kq Tj - At_l T] eXphClt
Tg"‘l - ) (IV. 10)
3 —= 1 implicit
1+r [2 51 + (al-az) An 33]
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B. We consider now the boundary condition at the frontface. The two possibilities are
given in II, A, 2. The first, reading in the frontface temperature as a function of time,
presents no problem. The second is of this form:

dT | n+l1
'kﬁ = f(t, To )

after transformations, using BEl.2 and B2.7, we obtain:

n+1
-anTn=f(t, T0+)

We use this approximation for T,,7 atn = 0:

-3 Tn+1 . 4 Tn+1 _ Tn+1 Tn+1 _ Tn+1
T =« 0 1 2 + (1-a,) 2 9
n 3 2 Anl ) 3 2 A'nl

aq =1 gives equation B4.3

n+1 1

n+
o, = l gives T_ = u
372 n any

Normally 0g = 1. The occasional necessity for other values of « 3 is discussed in Part E

of this section.

Substituting,
kn
X n+1 n+1 n+1
- ml [— (1+2a3) TO + 4 a3 Tl + (1-203) Tz ] =f
o+l _ 2amf v 7 ;a [4 oy T'l1+l + (1-204) Tg+1 ]: (Iv. 11)
o _ k My (1+2a3) Mk

This is now of the form:

n+l

n+l1
o )

o

T =g(T

and so it is solved by the method described in Appendix B3. Note that if Tx11+1 is to be

obtained from the implicit equation, then IV, 10 and IV, 11 must be solved simultaneously

for TIIH1 and T2+1. This problem is again solved by the method of Appendix B3. For
each guess at T2+1 which is obtained in converging to a solution of IV, 11, Trl1+1 is obtained
from IV, 10,

It should also be noted that if pressures are being computed, plll+1 would need to be ob-

tained for each guess at Tg+1 and Tr11+1. In addition, if charring is occurring, for each
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guess at TI:I and TIIHI, p2+1 and pr11+1 must be obtained from V.11 and V.12, Finally,

an outer iteration, for the rate of melt, may be occurring over the whole system.

The function, f, which appears in IV, 11 is usually qnet (see II.C). However, for the case
where we melt at a fixed temperature, f involves the rate of melt also. In this case,

IV. 11 is used to obtain the rate of melt (after reaching melting temperature).

C. Consider now the interface boundary conditions. From paragraph II, A.5 we have
this equation:

(-k Tx)_ - Ci Tt ={(-k Tx)+
Let T be temperature of interface
Let T_1 be temperature at node before interface
Let T_2 be temperature at second node before interface.

etc.
After transformations, using A.2, A, 4, B.T, and B. 8,

(- k 77x Tn)- = Ci (nt Tn + Tt) = (' k nx Tn)+

Note that 'r;t

normalizing one, is made in layers past the first, n = 0 in all interface equations. Note

at n=1 in first layer is zero. Also, since no transformation, except the

also that ('r)x) is not the same as (nx)+, even though they are evaluated at the same point.

At any rate the equation to be solved is:

(- kn Tn)- -C, T, =(-kn_ Tn)+ (IV. 12)

We approximate (TTI) with this equation:

n+l n+1 n+l
T__2 -4 T—l +

24n_

3T

(T.n)_ =

(This is equation B4.7 in AppendixBlL.)
an_is Am for layer in front of the interface.

We approximate (Tn) with this equation:
+

-3T +4T
(T) = - —
T, 2A‘n+

n+1l n+1l _ Tn+1

1 2

B-39



(This is equation Bl.3in Appendix Bl.)
A n, is A n for layer past the interface.

We approximate Tt with this equation:

-1
Tt='y4 T +vg Tn+76 Tn+l

where
A to

Y =
4 = BT_ (At +4L)

Y- At0+At_1
5 Ato At_l

Bt_, + 24t
Y =
6 — at (at +at )

(This is equation B4.6in Appendix Bk.)

If we are at the first time step,

74 = 0

vs = - m
o

76=Alt
o

(This is equation B&W8in Appendir Bl.)

Substituting into IV, 12,

-kn
X n+1 n+1 n+1
X ] [T—Z -4 T_1 +3T ]
1 n+1
- C I:'y4 T T +vg T ]
-k 77 n+1 4 Tn+1 Tn+1
2 AT) 1 2
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Let

-kn
B X
1 24am |
B Xy
2 2An .
Then,
n+l n+1 n+1 n-1 n
|:3B1-Ciy6+3B2]T _B1 4T__1 —T__2 +Ci(y4T +‘>'5T)+
n+l n+1
+ B2 (4 T1 - T2 )
or, B. (4 rI,n+1 _ Tn+1) C. ( Tn-l Tn) B. (4 Tn+1 _ Tn+1)
5 O S e A BiC TYs T TPty 2
3B1-Ci'v6+3l32
(IV. 14)
Equation IV, 14 represents an implicit equation in Tm'1 : Bl’ B2, and Ci are functions of

Tn+1. However, at present we do not solve this iteration problem. Thus far we have
encountered no cases with enough sensitivity at the interfaces to necessitate a more ex-

act solution. The program evaluates Bl’ BZ’ and Ci with a guess at Tn+1.

As in the frontface equation, we may need to solve simultaneously for Tn+1, TnJ{l, and
n+1 -
T+1 :

At the backface we have two boundary conditions. The first, reading in the temperature
as a function of time, is straightforward. The second is the following (see paragraph II.A. 6

in Section II):
(—ka)—CiTt=q(t)
as before, after transformations,

-kn, T -C T =q(t) (IV. 15)

We see that IV. 15 is the same as IV. 12, except that q (t) replaces (- k My Tn) . Proceeding

with the same approximations as before, and letting: *

B, = "X
1 7 2an
we obtain:
B, (4T o™y (v, T ko T + 4 (1)
Tn+1 1 -1 -2 it’4 5 (IV. 16)
= - 3B, -C. vy '
1 i76



as in equation IV, 14, the iteration problem is not solved: B1 and Ci are evaluated with a

guess for Tml.

D. We now discuss the air gap equations. From paragraph IIL A, 7 the equations are;

(- k Tx)_ - (Cj—l Tt) - (qr ey * qcond)0

(@g = (- k T + (T

It is assumed here that the air gap is layer j. Terms with subscript '"-"" are evaluated
at left point of air gap (point Xg in diagram at beginning of Section II. A) with properties
of layer j-1. Terms with subscript "'+ are evaluated at right point of air gap (point x4)

with properties of layer j+1. Terms with subscript 0" are evaluated at midpoint of air

gap.

After transformations, and using:

(q)O = (qr they * qcond) - (e Cp A Tt)

0 0
we obtain:
(-kmn Tn)_ - (Cj_1 Tt)_ =(q, +q,, qcond)0 (Iv.17)
(- k Ny Tn)_ - (CJ._1 Tt)_ =(-k " Tn)+ + (CJ. Tt)+ +(p c A Tt)0 (Iv. 18)

We let Tx3 represent temperature at left point of the air gap, and Tx4 the temperature

at the right point. T_1 and T+ represent, as before, temperatures at first interior points

1
on either side of air gap. Let

1
- +

Then the air gap equations become:

(km Tp) =€ T) =@ +a,+ Yeond, (Iv. 19)
(kn T -(kn T,) -
(pc_A) (pc_A)
P P
(Cj—l)_ t—— (Tt)_ + (C].)+ +—5—— (Tt)+ (Iv. 20)



We use the same approximations as before:
Tn+1 -4 Tn+1 +3 T:l{+1

-2 -1 3
(T) = -
n_ 2A77j_1
n+l n+l n+1
-3Tx4 +4T1 -T2
(T) = - - -
"7+ 2Anj+1
-1 n n+1
(T,) = v, T 4y, T® +9,. T
t_ 4 Xg 5 Xq 6 Xq
- 1
(T) = vy Ty +v5 Ty + g T
+ 4 4 4

(The v; are defined in equation IV, 13.)

Equation IV. 19 becomes:

-k n
X n+1 n+l1 n+1
257 /. [T_z STy 8T ]
n-1 n n+l . . .
B (Cj-l) (74 T, *75 Ty, *7 Ty ) = (a, + Qev + qcond)
- 3 3 3 0
Equation IV, 20 becomes:
-kn -kn
X n+1 n+1 n+1 X n+1 n+1 n+1
2an ) (T2 470 +3T, |~lzan) |73, 471 Ty
nj. 3 + 4
pc A
r ( p )

0 n-1
= € T (74 sz

L

n n+l1
+ye T +9,. T )
5 x‘3 . 6 Xq
(F cpA)

0 n-1 n n+l
* (Cj) * 2 (74 rrIx4 * 75 Tx4+"'6 Tx4 )

L Y+

Let

_knx
By = \7an
_knx
B2 2am
(pcpA)
0
Cy = 3By-vg |(C) +—5—
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. (0 cpA)o

CZ = 3 Bl - ‘)/6 (C]-l)_ + ——-2——
= n+l n+1 n+1 n+1
C3_B1(4T_1 -T_2)+B2(4T1 -T2 )
[ (pc_A)T
+ |(C. ) + . 0 (v, T sy )
-1 2 4 "xq 5 "xg
(0c,a) |
+ [C. ) + —2—0 (v Tn-1+7 Tn)
L j"l 4 "x 5 "x
+ - 4 4
=~ _ n+1 n+1 n-1 n
C4 = B1 (4 T_1 - T_2 )+ (Cj-l)_ (74 TX3 + g Tx3)
= 1
C. =
5 3 B1 (C]_l)-y6
C6 - (qr eyt qcond)0
Then we obtain these equations:
n+l = = | &
= o+l = n+l =
C1 Tx4 + C2 TX3 =Cq (Iv. 22)

Note that the C. are functions of TQ;I and T;ZI. (Quantities with subscript "0'" are evaluated

with the average of ngl and T;:Zl. ) If we consider T2+1 as given from IV, 21 in terms of

T;gl, then we can consider IV, 20 as being in the form:

n+1)
X3 X3

(Iv. 23)

This iteration problem is then solved by the method of Appendix B3. (Actually, for each

guess at a solution of IV, 23, IV.22 is solved by the same method for T;Zl. ) Thus far

we have found that a solution as precise as the one indicated is not necessary; accordingly,

all the Bi and 61 are held constant for the iteration with the exception of C6

If the air gap is the last layer, then IV. 18 is modified. (- k My Tn) is replaced by q (t).
The same change occurs in IV. 20, If g (t) is added to 63 and B§ set = 0, then equations
IV. 21 and IV, 22 remain valid for this case.

B-44



Also note that the g, gravity, which is used for GR’ is computed as a quadratic polynomial
int. Let t1 be the final time for the run. Three values of g are given:

)] =g (0)
_ Y
g, =8 (%)

Then,
§=a1t2+azt+a3

(t,)

N R
2 g

23 = Bg

As in the boundary condition equations, it may be necessary to solve simultaneously for
n+1 n+1

the interior temperatures T_1 and T+1 .

E. Convergence of the difference equations has been shown under the assumptions of
linear differential equations and known values on the boundary. When the coefficients

are non-linear and when the boundary conditions change, we extend the difference equations
in an almost obvious fashion and hope for the best. However, strange situations can arise,
The following is an example of a difficulty that has occurred in the coupling of the front-

face equation and the first interior point.

Suppose 32 = 34 = 0. Then the equations to be solved are these:

Ty =8) Tpp + B3 Ty

Upet = (- k7, Tn)o'

From IV, 11 we have for the frontface equation:

n+l 2an) . 1 n+l n+1l
To = BEn ) Snet*3 T -Tp )

(This assumes a3 = 1, which was the case originally.)



The dependence of et and k on T3+1 is not significant for this discussion. Assuming

them to be constant, we obtain:

n+l 1 n+1 n+1
T0 =C1+3 (4T1 'TZ ). (Iv. 24)

For the first interior point we have from IV, 9 {with ) =0y= %);

(1+2rOBI)Trl1+1 r3=T'11+r0r2/31+r0r1An ;33

1 n+1
(Tn+ - T+l

_mi n+1 n+1 2 0
_T1+rOBl(T2 +T0 )+roAn53—2————

r AnB
n+l _n o] 3, n+l
(1+2r0131)T1 _T1+(roﬁl- )TO
r An B

By =) T

(T121+1 is assumed known for this calculation.) Equavions IV, 24 and IV, 25 are to be solved

simultaneously. Suppose we substitute IV, 24 into IV, 25.

r An B
n+sl _ .n 0 3 4 ~n+1 1 .n+l
(Lr2r BT =Tl +(r B - ——5—) (C;+q T} -3 T, )

r ang
o 3 n+1
+(r0 Bl+ —2—) T2 +
r AN 133

2roAnB3 n+l n
=T, +C,[|r B8, -
2 1l o'1 2

2
Qegryby+ —5—) T
2r _An B -
N 21‘ B. + o} 3 Tn+1
30" 3 2

or,
n+1 an B3

[1+§- ro(ﬁ1+ATl.33):| T1 =Tr11+C1 rO(Bl- _Z_—)
2 n+1
+ I‘O (Bl + An 33) T2 (Iv. 26)

The difficulty occurred when 33 became a large negative number, This allowed the coef-
ficient of Trl1+1 to go to zero, causing incalculable consternation. Note that this is not a

true convergence problem, since for A&7 sufficiently small, Bl +An 33 ™ 0 and there
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is no problem. Also, the numerical approximation is no worse than it ever was. The

problem is that the temperature we want to obtain has dropped out of the approximation.

Once a computer run has started, we are free to adjust At, but not An. In the actual
case 33 was large only for a short period of time. This means that many points must be

carried for the whole run, while they are really needed for only part of the run.

The first attempt to solve the problem was to cut At. Since r 0= At , we could make

the term 1 + % ro (B1 + An 133) as close to 1 as desired, but it had to be less than 1.

This resulted in At becoming unreasonably small, and eventually trouble still developed.

The fact that the coefficient of T'zl+1 remains negative most probably contributes to the

difficulty.

We then used the approximation to Tn given by IV, 2. This results in equation IV, 10,
n+1 n
{1+ro [2 /31+(a1-a2)An 133]} T1 =T]. +

n+1 n+1
+ T (Bl+a1An Bg) Ty +r (/31 -y A7 B3) Ty (Iv. 27)

Substituting IV, 24 into IV, 27:

%1 + T, [2 '81 + (al-cxz) An 33] } Tll1+1 = T? +

n+l
+ I (/3l +oy AN Bg) Ty ™ + r, (Bl - ay 8m83) Cy

"o By -ag an 8y (3 T -3 3

2 4 n+1 n
1+r0 [3"81+(°‘1’°‘2+3'02)A77 53] T1 =T]. +roC1(Bl-C¥2 An 53)+

n+1

2 1
+ T [3- Bl+ ((\.1+3- az)An 133] T2
We want to insure that:
1
X=2/31+3A17 /33(a1+3- a2)> 0

1 11 2 11
@prog=l=da g ly=rg gy =gory=32e+1)
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X=Zﬁl+(2a1+1)AnB3>O
If /33 > 0, there is no problem. Suppose B3 <0
X=8 -|anB,|(ay+l)
TR

The "best' case would be ozl = 0:

An /33

X¥= B - |—5—

1

Thus, it is not possible to insure X > 0. Note also that if X* > 0, ) =0y =35 and:
X = Bl - ,Aﬂ B3|

This means that the definition of al and a2 will not insure boundedness when solved

simultaneously with the frontface equation.

Finally, we changed the frontface approximation:

(Tn+1 ) Tn+1>

- 1 0
et = - k My An

n+l 2 n+1
Tp =3C+T (IV. 28)

(C1 is as defined in IV, 24,) Substituting IV, 28 into IV, 27:

n+1 _ Th

{1 + T [2 31 + (al—az) An B3]} T1 =
n+1)

n+1 2
+ T, (b1+ a; A7 B3) Ty "+ 1, (131 -y A7 33)(3 C,+ Ty

n+1 n
{1+r0 [/31+a1An33]} T1 =Tj+

+ Ty (Bl+ a; AM B3) T;”l + T (B1 - ay AN Bg) (% Cl)

and we have already chosen oy such that Bl + 0y an B3 > 0. Thus, this equation is quite
satisfactory, However, the approximation at the frontface is not nearly as good. So far

we have encountered only one case in which this difficulty at the frontface occurred. There-

fore, IV. 28 is used only for this special case. Otherwise IV, 24 is used.
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It is possible to approximate T

at the frontface so as to go smoothly from one case to

n
the other:
_3 Tn+1 + 4 Tn+1 _ Tn+1 Tn+1 _ Tn+1
T =a 0 1 2 r (1-a) 2 0
n 3 2AM 3 24n
1 n+1 n+1 n+1
_ 1 n+1 n+1 n+l1
n=T5T -(1+2a3)T0 +4a3T1 +(1-2¢)z3)T2
where
1
g “eg=<1
If o =
3 ’
-
1 n+1 n+l n+1
Tn=m L—STO +4T1 -T2
1
If Ot3 = E y
B n+1 n+1
v o1 g, ot T - To
n 24An 0 1 - An
Substituting into the frontface equation:
24An - n+l n+l n+1
rnx— quet = - - (1+2Ot3) To + 4 O£3 Tl + (1-2a3) Tz
Anq
n+1 net 1 n+l n+1
To = En_(T+Zay) ooy [|*@3Ty +(1-229) Ty
n+1 3 1 n+l n+1
To " = \tzay a3) C1* \te; ag) [PesTy ¢ (1-204) Ty
where C1 is as defined in IV, 24,
Let
S]. = B1+a1An B3
Sz = BI+Q2AT) BS
S3 = S1 + Sz

(Iv. 29)
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Then IV, 27 becomes:
n+l _.n n+1 n+1
(1+r053)T1 _T1+r0s1T2 +roszT0

Substituting IV, 29:

n+l n n+1l
(1+r0s3)T1 _T1+ros1 T2
+r s 8 Cl 4 0l3 Tn+1 1-2(13 Tn+1
o2 1+2a3 * 1+2a3 1 T 1+2a3 2
l1er s _4a3 s Tn+1_Tn 3C1r082
+To |83 Tla, 2 1 '1+_7—‘_—1+a3
1-2¢
3 n+1
+ ro S1+ 8y 1+2a3 T2
Let 4 ag (1+2a3) 8, + (1+2a3-4a3) So 1-2(::3
%47%3 " ToZay ®2” w2, "%t \TZey
3 Cl r0 SZ Tn+1

Thus,
n+1l n
(L+r, sy Ty "Ti v Tzay,  *ToS1 T2

We want to choose oq such that Sy4 2 0:
1-2a3

Sg=FyrogAn by v (1) (Pi-2p 878y
(1+2a3) Sy = 2 Bl + AN 133 [al (1+2a3) -y (1-2a3)j,

From IV, 17, oy +ag = 1,
(1+2a3) Sy =2 Bl +4An B, oy (1+2a3) - (l-al) (1-2a3)]
=28+ 818, I:Zal - (1-2a3)]
1+2a3

——— S4=B8 +0e 8nBy- AN By (1-2¢5)

S, 041 B3 (1-204) S 8, + @, &7 By
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Suppose 133 2 0:

< 151+a1AnB3

-2 - - ¥
1-203 A7 B

Thus we can choose oz3 at its maximum: oz3 =1,

Suppose 33 < 0:
1-20, 2 flf “1 AnB3
3 An 33
Bl +oy A7 B3

BN L

From IV. 17, if o, < %— s ﬁl +o, An B3 = 0. Then we must choose g at its minimum:
1
ag =3y of Bl+An33/2> 0:
An By
By + 2 1
o, =min |1; — +

3 ! l n33| 2

Summarizing:

a. BSZ 0: a =1

b. B3<0:
an8
7 ’31"7_3< 0
ag =
B, +4an8B An B
. 1 1 3/21 . 3
min 1,§+_l3n—%|¢ _Bl+__2__.>0

Remark: This still does not take into consideration a non-zero 32 term.
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SECTION V
CALCULATION OF DENSITY

The equation for the rate of change of density is generally given in this form:

ap ot G
3 ° Wp-Wp(p,T)
or
P, = wp (V.1)

The form of Wp now used is given in Section IT .A.2.
The space transformation gives us new coordinates: (x, t)= (n, 7). Then,
Pt = P_n 77_’_+pt‘rt

n, is given by equation B2.6 in Appendix B2.

T = 1: we actually do not change the time variable,

We then obtain:

T)Tp +pt=W

n p
replacing T by t:
Py + (my) pn =W, (v.2)

This equation can now be considered as a hyperbolic first order partial differential equa-
tion in p. The question now arises as to the boundary conditions. Note first that V.1
presented no problems, since it really is an ordinary differential equation (if we consider

T given somehow). FromBp. 6.1 we see:
M= Tyt Mg g XK= | —
From B2.6.2 n.=0atn=0and”n=1.

From B25.1, n_ #£0,

N
e
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This means thatat n=1, 7, = 0 and V. 2 becomes: Py = Wp. As noted above, we can
consider this an ordinary differential equation. At n =0, however, Ny = - S;n M and

we find ourselves in the position of evaluating a partial differential equation at a boundary
point. Apparently this is alright as long as we can convince ourselves that the partial
differential equation does hold at the boundary point. In our case this seems clear. The
coefficient, s is accounting for the fact that the point at n = 0 is actually moving with

time.

We now want to choose a difference equation for V.2. First note that for purposes of
studying the convergence of the difference equation, Wp will contribute a term = O (At).
Thus, we can ignore it, Let us also ignore the complications on the boundary discussed

above. This, then, is the equation to be studied:

pt+17tpn=0 B
p = fl(t)onn=0
> (V. 3)
o = fz(t)on‘n=1
p=f3(17)ont=0 J

It is well-known that one cannot hope to obtain a solution along a so-called characteristic
path in the (t, m) - plane. (See, for example, reference 5, p. 44-49, or reference 9,
p. 36-37.) The second reference, Sommerfeld, gives an argument for linear second
order partial differential equations. For a first order equation his derivation would be

as follows:
Let p be given on a curve ¥ in the (t, n) - plane.
Letp =p, =P,
From V. 2,
p+(n)q= \3Vp (V.4.1)

and, in general, along v:

(at)p+(An)q=dp (V.4.2)
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These two equations, V.4.1 and V. 4.2, can be solved for p and q as long as the determinant

of the coefficients is not zero:

1 n
t £ 0,
At Anm
At 1 X . . .
or, we cannot have N n—t . Since nt = 0 when the coordinate system is stationary, we

must expect always to have this restriction on At:

At = (A7) (V.5)

1
n

We now return to the problem of choosing a difference equation for V.3, Let us first
look at the usual implicit equation: [P;l =P (n At, j Afl)] :

n+l n
A. T
It 2 At
n+1 _ pn+1
dp "+l j-1
-3/

The stability of this system can be studied by the Fourier Series approach of Richtmyer

if we assume that nt is constant; (see reference 19):

@ .
n n i
i gog  (m) S(m) "(m)
The typical term to be substituted is:

o - "Bl Bl kAT

B = cos(kAn)+isin(kAn)

B'1 = cos (k&n) -isin(k &n)
and
B+B!=2cos (kan)
B-Bl=2isin(kan)
At
Let *=\an ™
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Substituting differences into V. 3:

n+1 n
p] - p] +'z p

2] n+l n+1
41 ~Pj-1) =0

Substituting oy = " Bl
M+ i g0 gl - (£n+1 gl _ el Bj-1> o
E-1+(H®®-BH=0

t-1l+ag [isin(kAn)] =0

— 1 J—
€= T iasm&an)

or

2 1
|£| = 7 .3 1
1+a”sin“(k&an)

Thus, the ""growth’ factors are = 1, and so accoiding to Richtmyer’s theory the difference

equation is convergent.
The disadvantages of the implicit scheme are, of course, the same as those encountered
in using an implicit scheme in the energy equation:

1. A simultaneous system of linear equations would need to be solved.

2, The term W_ in equation V. 2 would need to be evaluated at the previous time
step.

As in the case of the energy equation, these factors appear to be too great. Consequently,

we search for an explicit scheme,

The "usual" explicit scheme would be as follows:

n+1 n

B. a0 P h
3t T T at

n n

" I IO U I
¥3n - T 2An

i
Using the Fourier Series as above, it is easy to see that this equation is unconditionally

unstable,
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Another explicit difference equation is the following:

n+1 n-1
3p _ i h
C. 3 2 At
" n _ pl'l
3 _ Pin1 " fa
3 - 24n

Substituting into V. 3:

n+1 n-1 At n

p] - p] + K—ﬁ (T’t) pj+1 - p]-l = 0'
. _ [at n_ ,n.j
Letting o = o (nt) and pj =¢ B,

£% - 1+ (xg) (21) sin (k A7) = O.
Let a=2casin(k An):

E2+las-1=0
C-iatY-@%44
&= 2

Now note that from V.5, l al £ 1. Thus, |a|2 -5%<4, Then4-3-= 0, and:
~ 2
|

2 _ 4- &2 +a
This is somewhat unusual in that the growth factors are all identically equal to one. Never-

= — =1l

theless, this is enough to insure convergence. In actual practice, however, this difference
equation become unstable. But at that time we had not imposed condition V.5. Had we
done so, it is very probable that this would have behaved well. Before putting V.5 into
the program, we decided to look for a difference equation which might give better behavior

of the growth factors.

We then looked at the "alternating" difference equation. This would be defined in the same
way as the alternating difference equation for the energy equation. (See Section III of the
analysis portion of this report, or Section IV.) This turned out to be similar to equation

(C) and so it was not used.

The difference equation finally chosen is a modified version of the following (see reference

4, pp. 142-143, or reference 5, pp. 49-53):

n, £ 0at (n,]) (V.6)
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d0 P] - p]
,Il 3T - Bt
n— - n n
LI 15 W
an An
i
n, & Oat (n, j) (V.17)
n+l n
20 i P
| ¥} T At
n e N
2 _F7ha
dan ~ An
i
Consider first V.7
n+1 n At n n
o, - pP. . - pP. = 0,
i Pt lag) (0 (e - P
From V.5, <%%) Intl £ 1, Since we assume nt> 0, we can say 0 € £ 1, where
_ (ot
o = (ﬁ) (nt).
pI.Hl = (1-a) oty a ot
J J j-1
pg”l < (1-a+a) p"l = 'pnl

Here we assume |pn| = max; [lpgﬂ . This, then, establishes convergence according to
Richtmyer's boundedness condition. (See AppendixB3 of the analysis section of this report

for a further discussion of this point.)

Consider now V. 6:

n+1 n t n n

i Pt o) W) P -Py) =0
pn+1 S g n o -0

j j * pj+1 o
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at

Here we let o = - X1 Ny Since N % 0, and imposing V.5, weseethat 0 £ o 5 1.
n+1 n n
Pj = o P].+1 + (1-0) pj
or
pn+1 < pn

This difference equation, V.6 and V.7, was programmed and worked quite well. On
extreme cases, however, we still encountered instability. Up to this point we have ignored
the fact that this partial differential equation was being solved simultaneously with the
energy equation. In working with systems of partial differential equations, we have

assumed the following approach:

The equations are ordered according to some ill-defined criterion of dominance. Each
equation is written in terms of only one of the variables: the other variables are con-
sidered to appear only in the coefficients of this equation. Needless to say, we assume
that no two equations are written in terms of the same variable. A difference equation
is then chosen for the first equation. For the second equation any difference scheme can
be chosen, as long as it is consistent wiith the pecularities of the first equation. A dif-
ference approximation can now be made for the third equation, as long as it is consistent

with the pecularities of the first two, etc.

In our case we have two equations. Temperature is the variable in the energy equation,
and density is the variable in equation V.2, We assume the energy equation to be the
dominant one. In Section III and Section IV, we have discussed the difference equation

we have used. We note here only the "pecularity’ of the method:

Every other point is evaluated with the explicit scheme. This means that if T;Hl is the
new value, the coefficients must be evaluated at (n, j). The other points are evaluated
with the implicit scheme. This means that T;Hl must be evaluated by computing the

coefficients at (n+1, j).

Difference equations V.6 and V.7 are consistent with the explicit portion of the above
"pecularity'': the partial differential equation is evaluated at (n, j). However, they are

not consistent with the implicit portion.

Suppose we now assume that every other point is evaluated by V.6 and V.7, We will

evaluate the intermediate points by these equations:
n, S Oat(n+l,j) (v.8)
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pn+1 ot

°P ' §
_ 3 T At
n n+1 n+1
! | 20 _ Pja " P
¥ An
N 2 0 at (n+1, j)
n+l
dp Py = h
s at At
n n+1 n+1
30 _ i TR
J dn An

Consider first V. 9:

Letting o« = % (nt) and imposing V.5, we can say 0 £ o < 1. Substituting into V. 3,
n+1 n n+1 n+1
R - P. o . - 0. =0.
S T T Lo T IS
n+1 n n+1
1+ . = P. a p.
(1+ )p] Py oAy
From V.7,
n+l _ (1-a) Nt
p]-l - pj-l p]_z
or n n 2 n
nel Pj +o(l-a) pj_1 + O pj_g
pj - l+a
2 2
n+1 n lya -0 +0 n
s =" - = —
pj P l+ =P

Thus, we satisfy the boundedness condition, Consider V, 8:

Letting o« = - % n and imposing V.5, we can say 0 £ o £ 1, Substituting into V. 3,
n+1 n n+1 n+1
A R . =P, =0
i Pir1 =P
n+1 n n+1
(1+@) ;oj = ;oj +a Pj+1

B-60




From V, 6,

n+l _ n n

pj+1 =% Pja* (1-¢) Pis1
or n 2 n n
o (1-

pn+1 _ p]. + o pj+2 + @ (1-0) pj+1

i l+a

2 2

n+tl] . | n| ({1l+% +0-a _l.n

P P (T) =P

We now substitute equations V.6 through V.9 into equation V. 2, which is the one we want

to solve. For the explicit equations:

At
]

where 7, and Wp are evaluated at (n, j), and

n
.

n
1" P M =0

n n
p]- "pj_l - ntzo

For the implicit equations:

At
Let = -
o« (An) Mt
n . -
pn+1 ) P]. + (At) (Wp) +ap
i l+a

where n; and Wp are evaluated at (n+1, j) and

n+1
~ pj—l n ¥ 0
p =
n+1
Pj+1 ﬂt <0

at the backface, n, = 0:

n+1 n i
Py =Py + (at) (wp)

1 .
p+t p;‘ + (At) (W p) - (ﬁ) (n) (ap),

(V.10)

(v.11)

(V.12)
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At the frontface we use an implicit calculation:

n+l n
pO - po

Substituting into V.2, and letting & = - (%%) (n,)

n+l _ .n y n+l n+1
Py =P+ (at) (wp) + o (pAn - Py )
n Y n+l1
Pn +(A) (W )+ ap
ntl 0 p An
Po = l+a (V.13)

We have seen that at n = 0, n € 0: thus, 0 <« o «1. We now show that V. 13 satisfies a

boundedness condition (as before, we set Wp = 0 for this calculation):

Suppose p’;‘“; is evaluated with an explicit method:

n+l _ n n _ o (1. n n
Pan =Pan* @ (pZAn PAT)>—(1 @) Pyy + Pypnp

o+l _ pg +o(1-0) pZn v a przlAr'
0 lia
or
p3+1 < pn
Suppose pZn is evaluated with an implicit method:
o+l pr.';n + ¢ pgﬁy _ pnAn + @ [(l-a) pIZIAn‘j é_pl314n]
an l+a l+a
and again,
o] <]

Summarizing, we expect equations V.10, V,11, V.12, and V. 13 to be a convergent set of
difference equations as long as condition V. 5 is obeyed, even if used in conjunction with

the difference equation for the energy equation. Thus far we have had no difficulty.

As in the temperature equation, the explicit equations reduce after the first time step:
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a. Letn < 0.

t
Let
. at, n
n+l n 17t n+1 n+l
P, = p. t, (W —_— . - p.
j DJ+A1( p)+ N (p]+1 o )
or,
n+1 n
e IR I 3 TS B VS
Aty p AM +1 i
Then,
n+2 _ n+l n
p] p] _ \;V N t (n+1_ n+1)
Aty p An j+1 i
or,
n+2 pn+1 _ at, pn+1 _ n)
) i et \d ]
or,

n+1 _n
j Py . M nel  n+l
=W 4+ -
aty P AT -1 7
pn+2 _ pn+1 n
J w1 e+l n+l
at, p an B3 B

pn+2 _ 14 Atz pn+1 _ (Atz pn
i at; ) fi at; ) P

Concerning the calculation, one final comment can be made, If V.11 is evaluated at j=1

(at the first interior point), and if Ny > 0, then V.11 and V. 13 should be solved simultaneously:
p8+1 enters both equations. However, we expect n t S 0 at this point; only if points were
shifting rapidly toward the frontface (due to a change in the squeezing parameter) could

n > 0. Thus, this iteration is not in the program.
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SECTION VI
INITIAL TEMPERATURE DISTRIBUTION

The program contains an option for employing an analytical solution to give a temperature
distribution at a specified time. Actually two analytical solutions are available. The first

is valid under the following conditions:

. Infinite slab

Constant initial temperature

Constant thermal properties

=W e

. Constant heat flux at frontface,

The second is valid under these conditions:

1. Infinite slab

2. Constant initial temperature
3. Constant thermal properties
4, Linear heat flux at frontface.

Aside from the better accuracy that is obtained using these analytical solutions, they also
can save computer time in cases where the above conditions are well-approximated over

a long period of time., Rather than use a step-by-step numerical procedure, we can
calculate the temperature distribution at the end of that period, and then begin numerical
integration. Note that because of the assumption of an infinite slab, these solutions should
not be used past the time that the backface of the first layer begins to experience a sig-

nificant temperature rise.

In deriving the formulas the following equations and definitions will be used:

@ 2
erfc(z):l-erf(z):-i- f e € dg:ioerfc(z) (VL. 1)
T Z
i" erf ¢ (z) =‘[ "1 erf e (¢)deg (V1. 2)
2 (n+1) {1+l erf c (z) = 11 erfc (z) - 2 z i" erf ¢ (z) (VL. 3)

For n = 0, the last formula is valid

. (-1) 9 -z2
if i erfc(z) =— e
Vo

B-65



We also let

The solution for the first case, where q is the constant heat flux, can be written in this

form: (reference 10, p. 11, equation 1):

_2gq 1/2 . x
AT((,t) = t ierfc (E ‘/%_)

"

From the previously stated error function formulas:

(-1)

2
2ierfe(z)=i erfc(z)-2zerfe (z)= e? -2z [l—erf(z):l

_2
N
or . _Z.Z
AT(x,t)=2—kq—‘/—tE—[ e 2 [l-erf(z)]t (VL 4)
N=
z= (;)‘/tg_

The solution for the second case, where q = m t, can be written in this form: (reference

where

10, p. 16, equation 4;1let 8 = B8 6 = to):

8mt te'/2
AT= o 0 i3erfc X
t 2 to

k\/oz_ o

From the error function formulas;

6i3erfc(z)=ierfc(z)-2zizerfc(z)

=ierfc(z)-§- [ioerfc(z)-2zierfc(z)]

cerfc(z)+ierfc(z):- [1+22-]

z
2

2
- g- erfc (z) + (-1122—> [i('l) erfc(z)-2zerfc (z)]

z 1+z2 2 -22
-3 erf c (z) + 5 —— e -2z erfc(z)

N
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2 2

2 1+z -Z
=-erfc(z)s | 2 +2 14z + e
(3o - 2t
2 2
= - erf ¢ (z) °[(§') (1+2+2z2)] Lz -z
"
or 2 2
i3 erf ¢ (z) = iz -z (1—22-) (3+222) [1 - erf (z)]
64/n
and 3/2
8mt 2 2
AT = o { Lz -z (Tzz-) (3+222) [1 - erf (Z)] }
ko 6T
where

x [a
z = ‘,—
2 t,

The program uses a polynomial approximation for erf (z) - reference 11.
Let T0 be the initial constant temperature.

Lett o be time at which we are to compute a temperature distribution.

At x = 0, for the case of constant heat flux, equation VI. 4 becomes:

t
0

_2gq
AT, t) = = ¥Yar

At x = 0, for the case of linear heat flux, equation VI, 5 becomes:

T(Ot)—sa % (1)_4;1 %
A ' Yo 'TVozn 8/°3x Yar
If we let

1: linear heat flux
g-: constant heat flux

r,.4q t
1 0
AT(O’ tO) = 3k

onw

*
Let T* =T + AT (0, t )

(VL. 5)
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Then we need to find T* such that

r 4 q to

T* = To + 35 Vor (V1. 6)
In order to use the analytic solution correctly, the right side of equation VI, 6 should be
independent of T*, In most instances this is not the case. We feel it is safer to solve
equation VI, 6 as though the right side were a function of T*, It is up to the user to see
that to is small enough to use the analytic solutions correctly. Equation VI, 6 then takes

the form:
T* = f (T*)
The iteration problem is the same as that encountered in the solution of the frontface

boundary condition, and it is solved in precisely the same fashion.

In order to evaluate equations VI. 4 and VI. 5 we also need the transformation that relates
the real space variable x to the transformed variable n. This problem is discussed in
Section VII, C,

For programming simplicity we can combine equation VI. 4 and equation VI, 5:

Let 1 : linear heat flux
r =
1 3/2: constant heat flux
Then, 3/2 2

. t -z
AT (x,t) =1, (5) <E‘g—) o {(1+z2)‘3‘2"1’ e
(o]

: VT

9 (3—2r1)
-2 [1 - erf (z)] <3—+2?£~) } (VL T)



SECTION VI
THE SPACING PARAMETER

In order to allow unequal spacing of points, the following space transformation is made:

_rg
T] :l—e__r_
l1-e
-2
£ = x e (x” -X)

where X is the normalized space variable. (See Appendix B2for a more thorough discussion
of some properties of the transformation.) The parameter r is a function of time, while
c is a constant. This transformation has the effect of keeping equal spacing in the n co-
ordinate, while points in real space are unequally spaced. Rather than specify r, it seems

more sensible to give the degree of squeezing at the frontface: %—;Z— (0).

In the remainder of this section, these three problems are discussed:
dn

1. Given Ix (0), solve for r,
2. Specify g—;’ (0) as a function of time.

3. Given n, solve for x.
dn =
A. Let W (0) = n.

The problem is to solve this equation for r:

:ﬁ>o

1-¢7 T

It cannot be claimed that this is a terribly difficult problem, but nevertheless a procedure

must be specified.

r

We see in Appendix B2 that looks like:

1l-e

(0,1)

/
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Let f1 (r)==. Let fz (r) = 1-e"Y. We need to find r such that f1 (r) = f2 (r). We con-

sider two ca

3=

es:n>1,n <1,

n

1. Letm > 1:

If we can obtain a first guess for r which is too large, we can proceed as indicated in the
> 7. Thus, for a first guess we can let r, = n.

diagram. Note that for n > 0, -
The next guess is the intersectiaﬁ'%f these lines:

a. The line parallel to the x-axis and going through f2 (rl)
b. The line f1 (r).

or, rz
1l-e = —
n

and in general,
-r.
— i
Ty =1 (e 9

We continue until convergence is as close as desired.

2. Letn <1

If we can obtain a first value of r which is too small, we can then proceed as indicated in

the diagram. We claim that f2 (rl) < fl (rl) for:

- 2 (2-e"

n
-7 1+—————2 e <2
(e? - 1)
r. =
1 _
27 el > 2
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Proof:

—rl

|
Weneed1l -e <—:—:r1<0
n

Letr, =-n 7n where n is a positive integer

LetA=en:

since0< m <1, 1<A< e
LetA=1+¢, €20

We need 1 -An< -n
or, A" - (1+n) > 0

n
A-1ane s 20D 2, 5

.
e oy

n n{(n-1) 2 on, v
A -(1+n)=n(s-1)+—§—€ + Z (U)G
v=3

Now, if ¢ > 0 we can choose n as any positive integer,
If ¢ <1, we are alright if

E—(;;l—) €2+n(€—1)>0

(n-1) €2 +2(e-1)>0

(n_1)>g_(%i)
€
2 (1-¢) 2 (2-A) 2(2 - e;)
n>1 —g =1 —— =1 —
’ € +(A-1) i (e -1)
and - 7
r, < -7 1+2(_2_—e)
(e - 1)

For the next guess we need the intersection of these two curves:
a. The line parallel to the x-axis and going through fl (rl)

b. The curve f2 (r)
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or,

r
—_l =1-¢F
n
r
1
ro=-1n(1-=)
2 n
and r,
r. .=-In(l1--—-)
i+l 7

B. We now discuss specification of 3_77 (0) = m as a function of time. Since the derivative

of this function enters the equations, it was decided that a well-behaved analytic function

should be used. The restrictions on the function would be as follows:

1. ﬁ(to)would be given = to is initial time.

2. M (tz) would be given: t is final time.
3. 17 _Etl) would be given: t <t < t,.

dn _ _
4 d—t—' = 0 at t = 0-

5. max 7 = max [ﬁ (to), n (tl), n (tz)] .
min n = min [n (ty), n (t)), M (tz)] .
The last restriction is to insure that the squeezing does not exceed the given bounds.
We eventually decided on this function:
-B (1)

n = Ae

where A and B are constants, and 7 = 7 (t) is still to be specified.
2

corfer fe3) a2 63) ()]

B7 (27) <1-%> [ -; - %]

2B7 (1) (1-%)(1-7)

o
31
]

jo¥
-
i

Brnt(Q-7)(2-1)
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Thus, if Aand B> 0,

(The 5 will be used later.)

To simplify things a bit more it was decided to allow only these three types of configurations

for m (t): _
0

CASE 1

~

For each case we will choose a certain portion of the 1 (1) curve:
CaseI: 0 < 7 < 1: monotonically decreasing

CaselIl: 1s 71 < To! maximum at t1

Case II: 1 < 7 =< 2: monotonically increasing

In CaseI A, B, and 7, are to be obtained from 7 (t,)s n (tz)’ n (t}). InCaseIl A, B,
and Ty are to be obtained. In Case III A, B, and T4 are to be obtained. In the following
discussion let ny=" (to), Ny =1 (tl), Ng=m (tz)'

Casel: n,>my> ng ?1113}2671 (r) curve, n(0) =0y, n (1y) =ny, and W (1) = ng.

Then, 1, =A, ng=mn, e or,Bzzln(nl/Tl3)=4k1> 0.
To determine 7,: _p (5 )2 1 - T1
1 2
772=771 e
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T n
Bh02@-§) ﬂnn1=%>0
?— (1'1)2 (2 - L
(r)? @ -2 2

_+
1'1(2-71)—-1{3

Note that k3 =+ ‘/kz/l«:1 <1

2fl4t4k3
— 5 = 1%J1+k

17 2 =73

Since we want T 1< 1, we must take

Since we want T 1> 0, we must take:

lel—‘ll—ks

To complete the definition we need a transformation t - 7 such that:

0-0,t -7y, t, 1

or
t T
L _x
t-t1 4 T'Tl
5o ()
tl,_tl 4 1-7'1
or
t!,
k4=(1-71)<t1't1 : thlsglvesk4andrt-71t=k4'rt-k4-rt1
T(t-k4t+k47'1)='rlt

B-74



‘rlt

T =
(l-k4 t+ k4 ™
We need not be concerned about a pole in the range 0 < t < t,. In this range 0 < 7 < 1 and

it is easily seen from a graph that the pole cannot occur here.

Case II: My < Mg Mg < ngyon the n (T) curve, 7 (1) = uh
'_’7- (2) =n2
n (72) = 773

—_— P (Tz)2 ( "23>

[
"
>
[\
~
S
|
—
=
o~
3
w
S’
v
(=)

(2) ()% (2-7))

Since we want Ty > 2,
‘Tz =14+ ‘/ 1+ k3
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For the transformation t - T we need:

0-1,t ~2t,-1,

t -k T-1
t-tl T T4 \T-2

4 Ty-1 tz—tl

This defines k 4

-2t =k, [r (t-ty) - (t-tl)]

r [t—k tsk t] S 2t- (t-t) K,

4 41

. (2-k4) t+ tl,,k:}
il—k4) t+ t1 k4

Case III: M, < Mg <TMgon the n (1) curve, ny =

ky
k3 =Y = (note that k, < 1
k1
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since 74> 1, T4 =1+ 1%k
since-r3< 2, Tg =1+ 1-k3

For the t - 7 transformation:

0~ 1,t ~ 74, t, ~ 2
t (T-l )
— -k

t-t1 4 2-1'3

and

k4:=(2'73)(12ﬁxz>

Tt-oTyt=k, P(uﬁ)-a4ﬁ]

r [t -k, (t-tl)] = Tgt -k (t-t)

(1'3—k4) t+ k4 t1

T =
ﬁ-k47t + k4 t

These three cases can be summarized as follows:
Let ni = max [?71, Mgs 773]
j=T-8i+2i
jz =5-51i+ i2
. . .2
]3=22-271+71
lg=2+1y

Jg=4-1p-1
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?=1—j2‘/1-j1k3

|

(1+j1> B (32
' = —2-— T +

I £
-]1T+—2—

r]5'2)7+]1

] ()

-1

T> kg + (1-3p)

--B7 [5(2-1)2 - %% (2_7)] o

=-Bn T (2-7)'[ <E_£I) - %] T

-Bn 7 (2-7)

[1] -

-Bnp r (1-1) (2-7) 7!

f'

f (1-k4)

T!' =
T-k)t+k, £

[(1-k4) t+k, tl] 2

'

a1



We now check these formulas for the three cases:

Case I:

Case II;

g (k)
= T-—5 T
L2
_f T -7 (1-ky)
- f

i=1
jp=1 Jp=1 J3=2 j4=3 j5=2
n n
1 1
k., =1n (—) ky =1n (—-—)
1 773 2 772

;= Tt
(1-k4)t+k4 t1
n
i=2 k, =1n (—2—>
1 171
b (72)
]-2—-1 k2=1n 77_3_
]3:—4 kz
Jg=1 k3 Vi
. 1
]5=
A='r72 B=4k1 T =1+ 1+k3
4 T-1 t}z-t‘,1
f'_2-k4 f=k4t +(2-k4)t
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(2-k4) t+ k4 t1

T =
(1-k4)t+k4t1
Case III:
n3
i=3 k, =In
1 nl
=1
h (52)
Jg=-1 k, =1n n—z—-
]4—1 k3= k_
-9 1
Ig =
A=773 B=4k1 T=14+ l-k3
t
2
4 tg't1
f':r-k4 f=f't+k4t1
('r-k4)t+k4t1_r

T =
Tk t+K, §

C. We need to be able to transform from n back to the X variable.

n:r=0

In [(l—n)+ n e_r] Cr 40

-r

The remaining problem is to solve this for X:

£=X e (’?2';{)

or

— =2
i:gec(x'x)=f(ﬂ

f' (x) =cf(x) (1-2%)

P (3)=0
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Thus,

E< E¥S x< %-
£>*>x> 5
We have, then, these two cases:

a.

£ < &

If the first guess is too small, successive approximations should converge (as indicated):

X,
i+l

f (?{i)

— 2
Note that X - ¢ = [ec (x-x7) 1] ¢ > Osince X < 1. Thus, if the first guess is ¢, this

should work.

b.

The following iteration procedure should work: §i+1 is intersection of these lines:

1) y=x

ot B f(x) - X4 (X))

X
I+ 1-1 (%)
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, I (ii) < 0 and this should converge.

i
8]

i = 1 1, _
If first guess is x; =3, f'(z-)-o,

f (%) = )?2 = ¢ ec/4.

= c/4
Thus, letx, = ¢ € / .
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SECTION vI
PROCEDURE FOR OBTAINING SOLUTION

Initially all variables are assumed to be constant, with the possible exception of tempera-

ture. I desired, an initial temperature distribution can be computed, at some input time

to’ according to an analytic solution (Section VI). In this case T at the frontface at time t,
is obtained by iteration so as to satisfy equation VI. 6. The remaining values are obtained
from equation VI, 4 or VI. 5, after the spacing parameters have been computed.

ds
At the initial time, to’ it is assumed that quantities such as bite » g tm , r'ng are effectively

zero. If this were not the case, the analytical solution would make no sense, nor would a
constant temperature distribution.
An approximate program procedure follows. Suppose everything is known at time tl.

1. Compute At. Computet, =t, + At. The program attempts to use the value
of At given as input. This may be reduced because of these factors:

a. The stability criterion for the density equation (V. 5).
b. To avoid melting too much per time step.
c. To prevent At from increasing too rapidly.
2. Compute the explicit values of the variables (equations IV, 10 and V, 10).
3. Compute s, (t5) and s, (t2):
S (t2)= S (tl) +at Sm (tl)
- |
Se (tz) =s, (tl) +atsy (tl).
Remark: This integration method (Euler's) is probably the most inaccurate one
available., However, for our cases it seems sufficient. If one wanted to insert
a more accurate method, the iteration procedure for the rate of melt would need
to be somewhat modified: steps 3 and 4 would be repeated for each guess at
5 (ty).
m 2
4. Compute the spacing parameters for time ty (Section VII. A and Section VII, B).
Compute the real space coordinates of the points (Section VII, C). Compute these
terms which arise from the space transformation: ny (equation B2.5), Nxx
{equation B2.7).
5. Compute first guess at ém (t2).
6. Compute spacing parameter, n t (equation B2.6).
7. The "short" iteration on the rate of melt proceeds as follows:
a. If appropriate, compute second interior point by implicit equations (IV. 10,

V. 11),
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10.

11.

12,

13.

14.

b. Compute frontface values (IV. 11, V,13)., If necessary, also compute first
interior point. The iteration here centers around the frontface: for each

guess at the frontface, obtain interior point values.
c. Compute ém (tz).
d. If iterating, obtain next guess and go back to a.
Obtain implicit values (IV,. 11, V. 11), except for points next to boundary points.

Compute interface values (IV. 14). If adjacent points are implicit, calculate
them also. The iteration centers around the interface; for each guess at the
interface obtain the interior values.

If appropriate,obtain air gap values (IV, 21, IV, 22), If adjacent points are
implicit, calculate them also. Again, the iteration centers around the air gap
values.

Compute frontface values (IV. 11, V.13). If necessary, obtain first interior
points. As before, the iteration centers around the frontface,

Compute Sm (tz).

If performing long iteration on the rate of melt, obtain next guess and go back
to 6.

Compute the heat balance values,



SECTION IX
ACCURACY OF PROGRAM

In discussing accuracy of the numerical results, one must first distinguish problems
arising at boundary points from those arising at interior points. In Section III the second
problem was discussed. Convergence was established under various conditions, one of
which was the assumption that all temperatures are known on the boundary. In Section IV
problems arising from non-linearity were pointed out.

When more general boundary conditions are given, the theory is not well-developed, and
consequently not very helpful. Some of the problems were mentioned in Section I, In
particular it was noted there that in a previous program we had difficulty maintaining
stability of its difference equation in conjunction with a severe frontface boundary condi-
tion. Experience has indicated certain steps that should be taken. Accordingly, the
following features are in the program:

1. Solution of boundary conditions with implicit equations., This prevents a
"temperature lag" which at times can cause serious oscillations (particularly
at the frontface and in the air gap).

2, Space transformations (see Appendix B2): the first transformation (Landau's
allows melting to proceed without dropping nodes; the second allows unequal
spacing of points (this is particularly useful in cases with large temperature
gradients at the frontface).

3. Second order approximations: whenever possible all numerical approximations
at boundary points have second order accuracy (three-point approximation).
(See Appendix B4)

4, Analytical solution for first time step: see Section VI. In cases which begin
with a constant temperature distribution spacial truncation error can be ex-
cessive for the first few time steps. The analytical solution enables the numerical
procedure to begin with a distribution which is quite consistent with the front-
face boundary condition.

The previous remarks have actually been concerned with the problem of maintaining
accuracy of the numerical solution. In the remainder of this section we concern ourselves
with the following, more decisive, question: given a computer run, how accurate is it?

For a particular problem we feel the following two checks should be made:

1., Make several runs with decreasing time and space increments. When they
agree to desired accuracy (that is, convergence is indicated), we assume the
program is solving some differential equation correctly.

2, Perform a heat balance, If this is satisfactory, we are willing to suppose that
it is indeed the heat conduction equation that is being solved.,
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The first check is probably not as bad as it sounds. Generally, a set of runs are made
at one time. If for one of these, A tand oA7n were properly determined, the remaining

runs could probably be handled quickly.

It should be noted that a heat balance alone does not assure good results, Many different
temperature distributions could conceivably result in the same amount of heat being stored
in the body. In difference equations which are derived by maintaining a heat balance from
node to node, it is clear that such a balance is not too significant for, by definition, the
numerical check must be good. However, in this program the question of heat balance
played no part in the derivation of the difference equations. Thus, we feel that a good
check here indicates that things are not going too badly. If accuracy is lost in the tempera-~

tures, it will also be displayed in the numerical calculation of a heat balance.

It appears, therefore, that a satisfactory heat balance would actually perform both of the
previous checks. They have been stated separately only to indicate that in cases where

a good balance is not achieved, the first check may need to be made separately. Because
of its importance it was decided to include a heat balance check in the program. We now

discuss the calculation.
It is assumed for the purpose of this calculation that the original equation:

2
Tt=b1TXX+b2(TX) +b3Tx+b4

was originally of this form:

Py T, = (k TX)x -8y T, -8q (IX. 1)

It is assumed that:

k = k1 ka:
(T)

S
k, (0)

kl
k

a

The algebra is carried out in Appendix B1. From equation B1.8 we obtain:
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1 k
b, = —
2 kl pcp

A

b S9 N k E 5 >
3 PCp DCP ka b'q

s
b, = -p3c (IX. 2)

p J
From IX, 1,

(-ka)x=-pcth-szTX-s3

Thus, in each layer,

fi Ay
A ('ka)xdxqu.F. - 9F, F, ='—0/ [p cth‘fs’sz’“ss]d"

Letting aGp F - E;F F

0
-
I}
1
o\ic-r
-
el

dt (IX. 3)
i

Using BL.2 and Bl.4,

1
1
<Qi)t— .{ [p cp(Tt+ntTn)+SZ"xTn+s3] 7 dn

1
1
_+{[pcth+(pcpnt+s2nx)Tn+s3] ﬁ— dn

1 /pc Sy n s
p 2'x 3
=+f T, + [n+—=——] T_+ dn
0 ny t t Pcp n pcp
From IX. 2,
DC :.k_
p b,
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) k] kS

s =Pl JPx P31\ & P ~Pg3=54-Pg
p a a

S

p3c = - Dby
p

1
k
(Qi)t:‘( blnx [Tt+(‘nt+s477x—b3‘nx)Tn—b4] dn

From Bl.5,
B
b,n, = —
1 'x nx
Tex
n -bgn =bym  -Bz=8 —x5 -F3
(n,)

1{kn B, m
X 1
(Ql)t={ Bl Tt+ —T—-B3+S4nx TT]—B4 dﬂ

.Sy =By 2 1o (IX, 4)

The indicated integration is performed by the trapezoidal rule.

From the equation given in Section II, paragraph A.5 we have for each layer i:

(QB_ F‘>i =C T+ (qF. F)i+1 :i+1=n
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or,

. . n-1
=Gt~ %y, -2 G Ty
i=1
t 1
Let n 1 . n-1
Qota1 = .5 %+ /) 9p.F, %~ I CTy)adt (IX.5)
i=1 0 0 i=1

t

1
Then the heat balance check consists in comparing these two numbers: Qtotal and f elnet dt.
0

All indicated integrations are performed by the trapezoidal rule. Note that &B F is

calculated from the temperature distribution: this accounts for the apparent disappearance
of Cn Tt' . [
from the temperatures, Then d5. F is set equal to the input B F (which should be

If, however, the air gap is the last layer, it is not possible to calculate 'ElB F

zero) and Cn Tn is included in the heat balance.
In the air gap, since there are no interior points, equation IX. 4 can be simplified:

(&), =4 o) Ty (X. 6)

i
where Tt is to be averaged over the air gap.
Finally, if an analytical solution is used to time to’ we assume the check is satisfactory to

that time. Thus, if the analytical solution was used incorrectly, the heat balance check
would not reveal this.
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SECTION X: PRESSURE OPTION
This section describes the procedure used to solve the combined temperature and pressure
equations, Part A contains the governing equations. Part B describes the difference equa-
tion used for the gas density equation (density is obtained instead of pressure). Part C
describes the difference equations used for the temperature equation, Part D discusses
some stability considerations. Part E describes various computations that need to be made.
Although treated separately, all equations finally obtained are solved simultaneously.

(A) The governing equations are as follows:

Continuity Equation:

<pg>t + T <ngg> = Wg X*.1.1)

E
L] * “RT p _p
Wg = _WS:Be RT pvp S_p__if (X.l.Z)
vp
= p RT
pg pg
o, = €p;
g g (X.1.3)
= ¢ '
pg pg
V;’ = € \5\7'
g g
Energy Equation (gas):
o C_ (T = -p C V. VT +(p +V-<eKvT>
g pg g€/ ¢ g p g g g/ 8 g

+Q

+
transferred from gas hg Wg

+ Ve [eT!, -V -lpV [V +p VvV VV
1) g g g g/t g g g g
+ (v 2&/2}
g g

(X.1.4)
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Energy Equation (solid):

(1-¢) (p}') cvp +p! CVC) (Ts>t = y. [(1 -9 K VT)

X.1.5)
- W+ W -
<ec c evp vp)] Qtransferred from gas
Where:
W= W +W
s c p
Defining a gasification ratioT" as
W p
8
T = W_: constant = 1 - of
P Ap
= (1-¢e) p!
P ( )pvp
= 1- 4
Py (1-e) o, X.1.6)
1
pp T (ps - pcf)
Pe = Py~ P
Kook e®™ s (X.1.7)
€ f
Momentum Equation:
g R k
V = Ve —_— .1.8
o PR (5 )] . 1.9
Py
1
fTTR 5 5|
c vp pp
1 (Xolug)
1-e K = —_ K + K
(1-€) K o (pp 5t P )

Fc and ’Ep are input constants
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Properties of the gas are assumed to be independent of the composition of the gas, Thus an
average value which is dependent on temperature is used.

C = f(T
o (T)
CV = £ (T)
p .
Cv = f(T)
c
e, = f (T)
= (T
® (T)
m = constant (X.1.10)
R = f(T) =—I_{_—
m
h = f(T
- (T)
_ (2/3)
o= T
= (T
Kp (T)
K, = (D)
= f (T
Kg (T)

As a boundary condition we assume given at the front-face Pg(t). Then,
o,f)=e¢ P_(t)/R T
P (0,1) g( )
3p

g =
5o - 0

At the backface we assume

(B) We discuss a difference equation for the continuity equation, X.1.1. For purposes of
stability this will be considered an equation in pg. For ease in notation let pg =p.

) (o)

ve (delp) + Wg

Let

[=3)
[

Then,

O
}
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In one dimension,

= +
Py [ P (dlp)x] . w o
by = Pdp)y T ) + W,
g TP [d’ Pex 2 Px d1x+ pdlxx:l T Py <dlx p pxdl> "
p, = pd,p_+3pd o+d(p)2+p2d +V;’
t 1 xx 1x 'x 17X 1xx g
Let,
d2 - 3dlx
d3 B dlxx
= - = W
d4 Ws g
Then,
= d +d rd () +d pl+W
o, = 4P  Fdyep. 1(px g P g

Performing the space transformations (Equations A.2, A.3, A.4)

2
+ =d + +d
pt nt pn lp(nx pnn 1"]xxp'q) 2 P <nxpn>

2 2 2
+ d + + W
lhx <p'n> d3 ° g

2
= d + + -
p1: ( lpnx ) pnn <pd1 nxx pdz T"x nt) en

2 2 2 O
+d + d + W
) et

1 x

gRTl/3 (k)
4 =l

Ho
d2 - 3nx dln
d = 2 d + d
3 Mk 1Imn "xx “1n
d4 B -ws

w
g

X.2.2)

X.2.3)

(X.2.4)

(X.3.1)

(X.3.2)

(X.3.3)
(X.3.4)
(X.3.5)



Let
2

By ~ dlnx (X.3.6)
BZ = dlnxx+d2nx X.3.7)
D, . =P,
- +1 -1
By = B1( 2An X.3.8)
84 = 83—nt (X.3.9)

Note that the difference in 63 has not specified the time step. We will attempt the same
difference equation as for the temperature (Sections II and IV), Thus, when using an ex-
plicit equation, Bg will be evaluated at time step "n"'; when using an implicit equation,
"n+1'" will be used,

Then,

Py = Blp om

2
+ + + .4
ByP o E34c>n dyp +d, X.4)
The "normal" explicit-implicit difference equation can be applied to X.4. The only question
is the approximation for B,5p,, and 84p,. Assuming dg =dy = 0, we want the numerical
scheme to be such that for the implicit equation, a boundedness condition is satisfied.
Specifically, we want

n+1
< <
pmin pj o where
- min n+1 n+1
Prin Pjr1 2 P17 Py
_ ax +1 n+l n
°max Pi+1> Pj-10 B

Then,

n+1 n At 8 1 n+l n+1l n+l n+l
o) Pir1 + - 2p,
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+ + +
Suppose p;l , pjll 11, p;l_ll are all positive. This equation is to be solved for p;l 1. Since we

have a quadratic, there are two solutions. This will be discussed later, but for now assume

+
pI.1 1 >0, To show that the boundedness condition is satisfied, we proceed as follows:

n+1 n n+1 n+1 n+l
a . >p, = 0, < MAX . ’ .
YRz j [°3+1 p]—l]
n+l n n+1 n+1 n+1
b . <p, = p. = MIN 0. » P,
) o P s [ +1 pJ_l]

Suppose now B, =d_ =d, = 0, Suppose 82 > 0.

4 %%
Let
_ ats, At
Py i Py T Thn

where al and a_ > 0,

2
As before,
n+l n n+1 n+1 n+1]
a ) >p. = p. < MAX ) s P.
) P; P Py [pJ+1 Pis1
n+l n n+1 n+1 n+1
b . <p. = p, > MIN p. , D.
) o i 3 [J+1 pJ'l]

+ +
I Bz <0, use p;l 1. p;l_ll for p’ﬂ and the same result follows,
Suppose now that d3 = d4 = 0., Suppose 82 >0, 84 > 0. Let

g Mt
Pg 4 An
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n+l n_  ntl + n+l . n+1 21 + n+l
pj = Py Dj P; TPy Pj+1 Py pj—l - Py T D, Oj
+ n+l n+l
Py Dj+1 - Oj
_owaf oo ne1 |, e n+1

n+1 n+l
- . . 2 + +
| At (emyen) o)

Il

a n+1+a n+1 a +a
1P541 T3 P51 T\ P T B

+
Although the ay depend on p? 1, suppose the solution to the quadratic equation is such that
n+1 n+1

ai > 0. Then we can apply the same arguments as before, If 84 < 0, use pj - pj_1 to
obtain the same result, Summarizing,
B.?.
=— | + -1 +1-20
By = an [ 1°5+1 <°[1 ) %o1 ( 1) pj]
where
1: 82 290
% T ) o:8 <0 X.5.1)
2
Let
P... tp. .- 2p,
+1 -1
o = : : ] (X.5.2)
Am
Then,
Pi” -1
= o4 +
8P BaJ\2%1) P An B, (X.5.3)
Also,
pj - pj—l
= |A o + -

B-97



where

.B =
_{1.84 0
Ay = . <
0.64 0

Substituting into X, 4,

p. - P,

j i +
T <Blpj BijAnal + 84 Anaz) pﬂ’ﬂ

(o) (o) (55) oo ()

n+l Tor B, +8, Ana +8, Ana + 2
i =P T Tl (P17 P2 T) Py T [pj+1 Pi-17 %%

2
- +
oj_1> dg At< pj> +d, At

ooy (57 8) (

Let
r = At
0 Anz
r = —.—A—.t_
1 An
Then,
Let

(X. 5.5)

(X.5.6)

(X.5.7)
(X.5.8)
(X.5.9)
(X.5.10)



n+l n y +y + 9 B + B

+ dg At <p3>2+d At

_ >2[2Y _r182+d3At]
‘o [Yl (pj+1 ¥ pj_l> -2y, +B,r, - -B 2%1°; 1]
[Ys (pj+1 * F)j—1> - r184‘3]'-1 Ty At]
(

+ +
V30501t %P1t Yy At)

+

Let
A = Y1+Y2—d3At (X.6.1)
B = Yg*+Y, Ylpj+1 YoPi g (X.6.2)
B=1+B (X.6.3)
C = v 5P51 V4P L+, (X.6.4)
~ n
C = C+pj (X.6.5)
Then,

Explicit scheme:

2
.l_ — —
ot = (1-B)e-a (07} +cC (X.6.6)
] J J
where A, ]§, C are evaluated at (n, j)

Implicit scheme:

2
+ +
) o) o
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The coefficients are evaluated at (n+1,j). Note that Y; 2 0. Thus, we assume A> 0 and
C> 0. (If not, this can be achieved by cutting At). To determine the choice of pi*1
proceed as follows: J

A n+1 2 n+l C
p. +p, -— =0
B j J B
n+1 4AC B
pj —[-l:l: 1+]32 ]<2A>

At -0, B~1, C"p?

n+l 1 -2 -2AC
- — - + + 2 = — , +
pj > [ 1x(1 AC)] 5 C

as

Clearly, then we need the 'plus’ root.

n+1 B
= —— | -1+41+D
i 2A[ \ ]

D = (X.6.7)

If A>0, C> 0, the roots are of opposite sign. Thus, the correct one cannot be mistaken.
If A or C is negative, it becomes confused.

For | D l small, the program uses a series expansion in place of the radical:
iF  |Dp| <.o2
D D D2 5 3
- = -— + -
1+‘/ 1+D 2 [1 n 3 oa D]
8

The error should be less than 10 .

There is still another aspect to be considered. Let us look at equation X, 4 again and
suppose that Bl =0 = d3 = d4. Then the equation is hyperbolic, and of the form:

pt (2Q B4>pﬂ Spﬂ
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This equation would have a stability criterion imposed by the characteristic: —g:]— =BL—

5
(See discussion of density equation - Section V). In cases where B, # 0 (which is always the
situation in a problem), this characteristic does not exist. Howevér, when Bg becomes
large, the equation appears to behave as though it were hyperbolic. We have found it neces-

sary to apply the criteria:

Also, since B, already has a difference in it, we have considered the terms separately.
This, then, is the restriction on At imposed by the gas density equation:

Let
B = max [Iszl , |s4|] (X.6.9)
Then,
At €
= < = .6.10
An B X )

(we presently have chosen ¢ = 3/4).

(C) Now considering the energy equation. First assume TS =T =T, and add X, 1.4 to
X.1.5 g
C + (- ' +p' C T, = V. K + (l-)K | vT
[pg o+ €)<ppcvp oL Vc” ) [[e g F K] ]
+[(P) +h W -{eW +e W \-p C V vT
g/t 8 8 cc¢c p p g P g 2 .
(v) W
+ v [eT.. V. )-|o_ V V> tp V(VVV>+——g ¢
1] g g 8\ 8/ g 8\ B8 g 2
C *
es)

Let

Il

C +(l-e)(pr C, +p'C
PgCp ¥ ( )<pp v Pe Vc)

- Vp Vc
= + - + - +
ngP T <ps pcf [I‘ps ps P f:'
_ Cvp b CV CVC - Cvp
= %%t Ps CV * et
& p c T T
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Let

Cy, - Cy
c =—Fr ¢ X.7.1)
v T
* = C + + -C '7'2
pCp) Pg Cp (Cvc Cv) Ps = SPet ®.7.2)
Let
= K + (1-e) K
Keff ¢ (1-€) s
p OC
= ¢K + Plk + K : from X.1.9
g p p P C
S S
1
= e¢eK +—|p K +[p -p K
g p P p S c
s
p
= ¢K +-2(K -K + K
g 0 P [ c
s
K -K p
=€K+<p c)(l— Cf>+K
g T o c
s
Let
e K! = K X.7.3)
g g
Kp—KC :
—P_°._k (X.7.4)
Then
K. = K + 1-on K+K (X.7.5)
eff o s c T
w
. . . 1 S
eW +teW =e W <1—%+e ( )
cc p c s T p\T
[T
s T
Let
_ e -e
e :_p—c + e (X.706)
T c
e W +e W =e W X.7.7)
c ¢ Pp P 5
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Assume now that there is only one space dimension to be considered, that FPS units are to
be used; and that Tij = 0. This equation is obtained:

P
* _ < g)t . —
(pCp) Tt = <Keff TX) . + —J— + WS <— e - hg) - pg Cp Vg T*

1 2 2 Ws
-—|PV [V +p V A" +<V> X.7.8)
ed | geg\eg/, 'g¢8 g/« g 2
where g = 32,2, J="T78.
c YT =k_T +(K T \2+ (kK T - w [ &+h
**p t  eff Txx eff x eff °s X S g
T p b. 4
2 2
A\ Vv Vv w
+<Pg>t ngg<vg t —<pg>( g) < g>x_< g) S

-Cp VT -
pg 8 X g gd 2gd

(X.7.9)

For purposes of difference equations, this is to be considered an equation in T, Thus, most
of the terms need to be expanded,

= R = R P {R R .8.
<Pg>t (ogRT)t RT(pg)t+ g(RTT+R>Tt (X.8.1)

= =1/3
_v :[<gRT><£>D] =[gRT (Lp,>:|
g L e ) 8|, by e g/) |,
— _2/3 _
=-_8 (ﬁ /3, BT (T )(—k—p'>+RTl/3<£O' )
T 3 X € g € g X

|
)]
| =i
~
[
~
)
N
[N B
e )
0q<
~—
o]

+
TN
5
+
wi| g
g
/\
mlp;'
aq-—
~—
=
o]

Let _
i 0.2
m
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Let

B-104

(X.8.3)

(X.8.4)

(X.8.5)

(X.8.6)

(X.8.7)

(X.8.8)



Let

- 1/3
R
a, = BRT (%p > (X.8.9)
uo g xt
8% - a +a £ T (X.8.10)
t 4 “271 7t T
5! 2
= - + e + -a, -
<Vg>t [31 Tee ™ @) Ty (flT f >Tt Tx:l 25T
VY = -(a, T +a, T +a (X.8.11)
< g)x ( 1 xx 1x X 2X>
al 2
a, = a f1+f—(f1 i ) T, (X.8.12)
b4 1 T
a, = 315+azf1 Tx X.8.13)
X
= 1/3
a, = gRT ™ (.k_ p') (X.8.14)
M e 8/

(X.8.15)
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Substituting the various terms into X.7.9:

E 3 2 . —_—
(pCp> T,= KT, +< Keff> T(TX> ¥ (Keﬂ.) T (ps) - W <e+hg>
o, x

—_— p' R
RT ' g T o
+ T, + ! + T
+ 3 <pg>t 5 1+ ¢ Cppg <a1TX a2> <

! a
-_8 + T + Lt +£ 2 T, +a,+
=7 (alTx a2> (al «t T 23 Tx 7 flT fl T a, azfl Tt

= p' R TR
RT g T =
+ ) + 1+ + ! T +
J (pg>t ) = Tt Cppg <a1 X aZ)Tx
Y a
g 2 2 1 2 2
- = T k6 + + —_— +
2d {al L (f1T )% T

+ + +
alaT alafTTt azalTxt+aaT

a a
2?1 2 2
+ + + +
£ (flT f )Tx T, raa, +a, £ T, }

p a.a
g 2 3 2 1% 2 2
+ = T + + +
23 { a3, T t2a, £, T +a,a, ] f1T+ M Tx
2

a 2
1
+ + + —
alTx (alTx 2a2> [alT + 2a2f T +a + 7, <f1T +f) )(Tx) ] ;
W 2
ng a T <alTx + 2a2> + a2
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Let

. p a —
- 2 g2 RT
= -— -+ 4 - - 4+
b41 WS (e hg a, /2gJ> =3 <a4 azas) 3 (pg)t
= C T + T
b42 Cppg <al X a2> b.
Wsal
== +
b3 257 (alTx 232) Ty
p aa
g1lb
= = T
Pys 23 <al < 2az> Ty
pa a
g2 1 2
= 2 + +4a T
bys 27 ah g (fl th )Tx a, Teh [T
1 T
Dgal
b46 - gd A Tx Txx (232 i a1 Tx)
0
g 3
byr = g7 (alT +az>T
a_a
b - Pe’1s
48 gd X
p a (Tx)
1 2 2 2
b = a_ (f, +f T +2af  +2a_ ([f +f T
49 fng 1( T l)x 21 2 lT 1) p-¢
p a
. __ 8 2 1 2 2
410 = [31 T Tet " 22T * ) (fl * f1T> T Tt
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Then, 9

pgalaz 2
T = + 5= = +[K
<°Cp>eff P T g ( eff)T (Tx> ¥ (Keff>p.s (ps)x Tx

+ +
+b1+b42+b +b,  +b _+b _+b b, +b b

4 43 44 45 46 47 48 49 410
Let
2
P a_a 1
= _gl2
b (Keff+ gd oC X.9.1)
P/ eff
b, = [K pC
b = (K ) <p> /(pc) X.9.3)
3 eff 0! s/« P/ ofs
s
b4 = [b41+b42+b43+b44+b45+b46+b47+b48+b49+b410:|/<pcp>eff
X.9.4)
Then,
2
Tt = blTxx+b2 (TX) +b3 TX+b4 X.9.5)

Note that this has been the form of the "general' equation - see II,4, However, b 4 involves
derivitives and so will require special treatment.

Performing the space transformation (equations A.2, A.3, A.4) on X,9.5, this is obtained:

X ,
= B
T, By T, *+ B, (Tn> BT, + 8, (X.10.1)
~ 2
B = blnx
~ 2
By = Py
By = bgmy*thyn . -m
By= by
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41

42

43

44

45

46

471

48

49

i

i

it

il
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je)

a
= . _B|,? 1 2 2m2
P410 J [ 2 e Iy (nx T’q) - a1"12(T’x Tn>t+ ) (fl +f1T)<“x T \Tt*ny Tn

o 09

+
W Ly
L\D
l\‘)
+
h
p_A
\/
- 3
N
\—"’./
TN
=]
._“
+
3
oF
=__
| |

e e

e ) (N ) (o) o) o)
o) [ ]
Lo
o ) ur) o)

The a must also be transformed. The only one requiring any unusual care is a 4° From

X.8. 9
(R L (ko _(eRT®)|(x
a4 01 € pg nt € pg 8 € pg
T nd x o nT

(o]

k K
R + _
+<ﬂt>n < € pg>n nt<€ pg) "x

m

+

aQ

+

+

Now summarizing all the equations and rearrange 84.

2
= T +8_|T +
Tt Bl 2( ’n) + 83 T”ﬂ 84 X.11.1)
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e
Il

m
i

(=2
li

r=h
Il

1 x
2
bzﬂx
(X.11.2)
b3nx+bln nt
13
Z B,.
i=1 4i
2
1 { , Pe1?e }
p eff J
P eff &
_ K 11.3
pCp - eff T X.11.3)
[S)
1
K n_(p
e (Ser) 7 (7s)
p D off € Pq X S n
-_-<PC >*" pgRT 1. i) + Pg "2 g
eff P J T n g
1P
3T —
= m1/3
glzT (X.11.4)

A5 (), (=),
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a p a
. - 2 g 2
= = + = - -
Ba1 Wole Bt 2ea T <a4 al2"‘5)
E ), oo
J g " t\ g n
= C +
B42 Cp pgnx <a1 Nx T aZ)T
By = = T2g7 (al M Tn * a2> T
p aan
_ 156%x
544 = = «alnxTn+2a2)T
pa mn a
_ 82 X L 1 2
85 = {2:,12 £ £ <f1 +51 )nx T, } T,
oa’n? n
_ gl x _t
Pse 3] {(232 T8 Mg Tn> . }(Tn Tm>
p a’m
= g 1 X n + -
Bar 3] {(232 21 My Tn)”XX Mx @‘)n} n
a .11.6
_ Dg A YA X )
B gJ 1% n 2)\"x)m
48
s - Pef1%™x
49 gd n
2.3, 2

n .
_ gl x m 2 2
8410 & {al (flT + f1 )nx T'n+ 2a2 (flT + 2f )} Tﬂ
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p a a a
g1 2 1 2 2 2
B =- { <2f +f )n n, T +—(f +f )1’1 n T
b4

411 gd fl 1 lT x t n fl 1 1T tn

T A My 6%) } T

n
s - _fef1Tx™ M)
412 gJd mm
 aa . 2n 9 X.11.7)

8 - _ g 1 znx T _ pg 1 x T T
413 gd nT gd n nT

Daz 2 2+f a,a_n
S s WY f2p) g2 x g2 \pop
gJtf, 'n T It 1 I B

The arrangement of the B4 term is somewhat arbitrary. Usual stability theory gives little
information concerning the best manner of evaluating these terms. In the past, difficulty
has been encountered with terms of this sort, The arrangement given is simply a guess;
hopefully it will facilitate finding these difficulties when they occur,

It remains now to specify a difference equation for X.11,1, This equation is considered an
equation in T. (At each point, however, the variables are solved for simultaneously: T,
pg, pS are obtained simultaneously from X,11.1, X,3.1, and X,1.2),

1. The A;, bj, and all coefficients such as By, By, B3, and By are evaluated with
whatever guess is available for the variables.

2, Bl’ 52, 83 terms are handled in the manner described in Section III,

3. B4, DO complication,

842, 843, 844, 845, 847, 648’ 849, 6410, 8411 are treated in this fashion.

Let the term be A TT]

T, - T, ,
HA<0, T = — =
n An
T.  -T
¥A>0, T =+t i
n An

(This is the same procedure as applied to 85 - see IV.7 except Otl =0 or 1).
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5, 846:
is then applied,

Let B 46 = ATn. (Tﬂ'ﬂ is included in A). The same procedure as just discussed

6. 5412: Usual formula for Tﬂn is used.

. : havi i .
7. B 413 The terms having Tn are written AT’O

T'r is approximated in the usual manner

S LR bl
T is given by ——1 i-1 50 N 2 N
nr o € Y 4 At An

One term remains which involves only T The approximation just given is used.

nt’

(D) Some stability considerations are discussed below, Consider first the term (pC p) .
From X,11.4 and X, 7.1, eff
p_R = m p a f
C g RT T 2 1
= + - + - + +
et <C"c © >p “Pat P T T TP ( m > gJ

~ = /m
= k 2 1 RT T
- -—t +
(Cvc+ CV> Ps Cvpchr pg {Cp J gd J ( ﬁi) }

We expect the effect of increasing Pg to be a decrease in T, Thus, the coefficient of p

should be positive. So far, the cases run have had Cp - ? < 0.

g

The major problem concerning stability is the fact that a non-linear system is involved. We
have specified difference equations as though they were uncoupled (although the final equa-
tions are solved simultaneously). To obtain some intuitive information, let us assume all
coefficients are positive, let us ignore all terms in T equation involving Tﬁ and all terms

in pg equations involving (pg)n.

This type of system remains

= + T . .
pt al pTTﬂ ai n (X.12,1)
= + +
Tt bl Trm b2 H b3 Tnt X.12,2)

where
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(In X.4, dg and d4 have been set to zero except for the T, term; in X, 11,1, B41 has been
ignored except for the (pg)t term; pg has been written as p).

Consider X,11.2 with b2 =0.

- T .12.3

Tt b1 Tnn+b3 nt X )
according to Sommerfield (22, p. 36), the classification for this equation is determined by
the expression:

AC—BzwhereA=b1, B=b,, C=0

Thus AC - B2 = (b3)2 or this is a hyperbolic equation, instead of a parabolic equation, This

can have a profound influence on the boundary conditions as well as the numerical approxi-
mations., This fact has been ignored so far. If any instability occurs, the term involving
bg (or the d3 term in X, 4) should be looked at closely.

Suppose now b3 = 0., We then have this system of equations:

p, = a . p . +a T (X.12.4)
T = b, T +b_op (X.12,5)

It is of interest to investigate the Dufort-Frankel scheme as applied to these equations.
Since the equation we use (explicit-implicit) is so closely related to the Dufort-Frankel

(See Section III), this should give us valuable information. Unfortunately, even for constant
coefficients this becomes quite complex. However, some results for special cases can be
obtained.

The Dufort-Frankel equations give the following:

n+1 n-1 a
p] p] 1 n n+1 n-1 2 n n n+1 n-1
= p. . +p - —T. T - -T
2 At 2 j+l -1 7 j 2 j+1 j-1 j j
An T
n+1 n-1
T] - T] B bl ™ 4+ Tn+1 Tn—l bz n+1 n-1
2 At AT]2 j+1 0 Tj-1 j j 2AM\"i p]
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Let

n+1 n+1 n n n n n-1
+ + = + + T + T + (1-
Py e Ty = <°i+1 °J‘-1> 2 ( j*1 3-1> trod

n+1 n+l _ n n n-1 n-1
T, (+B) =By 0. = By (Tj+1+ TJ._1> +@-B) T, T - By

To reduce this to a two-level equation, we follow Richtmyer (4, p. 45)

Let
n+l n
U, ~=p
J J
VI.1+1 _ Tn
J i
Then,
n+ n+l n n n n
+ - - + -(1- =
Arape;  *ray Ty °‘1<°]+1 p—1> “2( j+1 Tj—l) (-ay) Uj“‘ZV;1 0
n+l n+l - n n
+ - + T - + =
(1+8,) T, B, P 1<j+1 1) (1-8) V, BzUn 0
Let
[ o0
i
e
j
who= N
] T,
j
tvf‘
i
Then,
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where

(1+<x1) 0 ocz 0
0 1 0 0
A =
1 ~B, 0 (1+Bl) 0
0 0 0 1
0 —(1-@1) 0 a,
-1 0 0 0
X 0 8 0 -(1-8.)
2 "1
0 0 -1 0
-, 0 -, 0
0 0 0 0
A =
3
0 0 -Bl 0
0 0 0 0

Following Richtmyer again (4, p. 54), let
(ikAx),
Wj = Wn e . : ~ typical term

Then,
itk Ax) -i(bAx)) _
A1Wn+1—A2Wn+A3Wn(e + e = 0

eleﬂa_19 = 2cosB= 2q

AWt AW +A W 2q = g
A Wn T Byt 2aagwo = o

-_a -1
Wi =4, Ayt 2qA) W
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+(1 —al) +2q0L2 -az

1
+1 0 0 0
~(A. +2qA.) = _ i - A
2 3 0 8, 248, (1-8,) 4
0 0 +1 0
Let
D = (l+a,) (1+8)) + B,a,
Then,
(1+8,) 0 o, 0
0 D 0 0
-1
A= 1/
1 82 0 (1+0L1) 0
0 0 0 D
Let
-1
A, = AT A,
. —Q - - -
2acy A48)  AEDAGNE  aq [ (1+8_)-a_8 S U T L
D D D [FgW*P %58, D
1 0 0 0
A=l aqa.s 8 (1-. )-8 (1+a.) _B.a_+(1+x. ) (1-B.)
1°2 pL=E )R U 9y oGyt (1Ha, ) (1=8,
- a
D D p |BaTg By (1Hy) D
0 0 1 0
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a - a -
2? 1(1+E31) (1+81)(1—0,1) OL282 2q 9 2qcn2

D D D D
1 0 0 0
A =
a - +Q - -B Q
2q%,8, 2 a,.fy 2q [82a2+81(1+0t1] (1401 )(A-B)-By%,
D D D D
0 0 1 0

According to Richtmyer again (19, p.63) we need to see that the eigenvalues of Ag are in
the unit circle. The result for the full matrix has not as yet been obtained. However,
special cases can be studied.

o = =
(a) Let 9 0 (or A2 0)

Then,
2qocl 1- 0 0
+a
1+0L1 1
1 0 0 0
A =
5 2qa_B -20_ B 2q8 1-B
1P 172 R 1
+
D D 1 51 1+B1
0 0 1 0
The eigenvalues are those of the subsystem:
2qa, 1-a, 2q8, 1-B,
+ +
1+0L1 1+0L1 1 Bl 1 Bl
A = A =
6 1 0 , 7 1 0
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The eigenvalues of this matrix are shown to be in the unit circle (4, p.85).

(b) Bz = 0: The matrices A6 and A7 are obtained as before.

(c) a; = 0:
0 1 anz —2(12
D D
1 0 0 0
A5 =
0 0 2q (81 +52a2 (1~_81) -_BZOLg
D D
0 0 1 0

The eigenvalues are + 1 and the eigenvalue of A6:

29 8,*8,3, (1-81)-B)%,

D b

= >
D 1+Bl+82a2 1

+ =
Rl 82(1.2 D-1

B - = 9-D
1818 2

2%

+2q (D-1) 2-D
D
0

Let D-1
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Then the eigenvalues are given by:

2 —
A" - (2gD,) 1 - (1-2D}) =0

2 2 \/ 2
- = 4 -2
_ 2¢D, :I:{Alq D) + 4 (1-2D,) gD, = y(@d)" + (1-2D,))

A=

2

The largest value of A is obtained by allowing q to have its maximum: q = 1, Then

‘/ 2
D +§ (@-D))" =D, * (@1-D)

)\_=
|
= 2 -1
A 1, D1
Since o< D1<1 s _1<2D1—1<

Thus, all eigenvalues are in unit circle,

(E) In this section we consider some of the computations involved in the calculation
of the coefficients,

1

(1) Let
g == L (X.13.1)
13T g o
A _ T, tmp (X.13.2)
Ly 3 T ™ (m)

(2) Let b
g = BT (X.13.3)
2 v

(o]
- - 1/3 = 1/3
. o-g ®rY/Y _g |RTT 4 R, T T
2 4 n T3 M
no o ©
= f
2 I T, (X.13.4)
f =@ f + £f T)T + £ f T ‘
2 2 1 21 21 (X.13.5)
- . T M als
sz =L, 5T (X.13.6)
£ = (¢ f + ££f T)T + £ £ T
2 2 2
nT nt 2l 7 Lo, (X.13.7)

(T T T T . are obtained by differences)
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3)

P
_ s 1 1
€ e =" =
Pp P Pp
— FJs 1 1 ps Cet see X,1,9
= 1 ~-_" =-f___ - ___ pS -+
T
Pp P pp r
1 -1 1 1 1
R RN P <~> - ot (—: - T:) (X.13.8)
ppl“ T Pe r Po %
1 -1
e = _<p> + L (X.13.9)
n SIn | o To
n Op Pc
1 -
N <ps> . + -1 (X.13.10)
n ~~ ~
I‘pp I‘pc
1 -
e = -|(p + -1 (X.13.11)
t St 115 TO
Pp Po
e .= - [o 1 + -1 (X.13,12)
nt ) nt|T5 To
n pp c
Differences are used for (ps> etc,
n
@ k kK e™t
. = f (X.14.1)
k) _ K (e_»rL)
- () O .
[ [ 62
)< ()8 @ - ) (Pt
=) o= -1} (— + - — L
<e> <m )(e) € - € 2 X.14.3)
nn m €
] k) %
<—— =<m—1><—— — (X.14.4)
€ € [
t
K k <€t> k eent T % en
_ = -1 {— — ] + - —_—
<€) <m ><€> . m-1 . 5 (X. 14, 5)
nt n €



k
©) 4 =1, <_e—> see equation X, 3.1 (X.15.1)
k k
4 =f, <—€-)+ f2<—€9 (X.15.2)
non n

k k
d =f, +z2f H L (X.15.3)
nn mn

nn

(6) The quantities a, in X.11, 4 are evaluated by performing the indicated differenti-
ations, and then applying the above formulas,
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APPENDIX Bl
DERIVATION OF FINAL FORM OF PARTIAL DIFFERENTIAL EQUATION

In Part I of this section we consider the transformation of the general differential equa-
tion solved by the program. In Part II we looked at the energy equation solved by the

program.

A, We consider the equation

2u o azu b du 2 b du b
st "1 \3Z) Te\Ex ) TP ex )T (Bl.1)

The two space transformations (B2, 1 and B24)can be written as one transformation:

-r¢ -2
n = 1= ”  ith g:iec(x -X)
-T
l-e
X-S
X =
Ki
T =t

S is the amount of the layer melted, and Ai is the instantaneous length:

Ai = Ai (t) = Ai (0) - Sm (t)

fu=u(n,t),
ou =u_ =u u. T = : =0 (B1.2)
sx U TUnp Mg T U TxTUp - Tx T .2
azu_u )2 4 u (BL.3)
SR> nn X n Txx
up = M+ u Ty ¢

or
u = ('nt) un +u_ (Bl1.4)

With Bl.2, Bl.3, Bl.4 equation Bl.l becomes:

2 2 2
ntun+uT =b1 [(nx) unn+nxxun]+b2 (nx) (un) +b3 17Xun+b4
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Replacing T with t:

du azu 8 du 2 du B )
3t - A 2] P \Em 83 \57 |+ P
2
By =Dy (n)
2
By=Dy(n,) f (BL.5)

where n_, n

e Mxx? and n, are given by equations R2.5, B2.6 and B2,7.

Note that the bi may also require transformation, depending on their particular form.

B. We look now at the particular form of the energy eqﬁation now in the program. The
standard heat conduction equation is as follows:

d 2T\ _,. 2T
X 3x) P % 3%

62T oT 2 0T

kK — +K\3x) =P %% 51
9 X p

2 2
2°T (K’ 3T|®_ 3T (B1.6
—T+<r) 3x) °9 3¢ +6)
3 X
pc
B s} _ _ _dk
@ = —g , k=k (T), cp_cp(T), k'_HT

It is interesting to note thatBlL.6 is the same as the equation for constant k except for the
1

term (T (%xl . An attempt is sometimes made to treat variable k by allowing it to

vary in the term o, while dropping the term involving k'. In our work it does not seem

reasonable to assume that this term is insignificant, so we carry the equation as it is.

An interesting transformation is available here:
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3G 3T

st -FsT

o%¢ A%, (2T
N N 3X
X ax :

3G G
3 =Y 3t
3 X

-

This is a much neater equation. However, it would seem that the time and effort needed
to transform back to T makes this form too difficult to use. Also,‘ we have k as a function
of density as well as temperature. In this case the transformation does not remove all

the problems. Thus, we work with Bl,6,

Generally the equation has more terms. Suppose it looks like:

d & T AT [>T
% (k ﬁ)=51 (s‘r)”z (W)*Ss (BL.7)

where k = k (T, p), s, =8, (T,e,x,t)

T () LEN IE6) s

If weletk =k, k_,
1 a

ky =k (T), k =k, (o)
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| o o/
o= =
] I
3 [
- (e
o't e
Il 1}
wl = h"l '
o =
o =

and,
ot (k) 2%r | (M) (k) (o1’
3t s, axZ k1 H oxX
k K\ /20 52 (a’r S3
+Sl E; 3% * % '-SI (B1,8)

In the charring problem, Section IL B. 2,

1 p
Sy = -Cpm,
S3 = &

and this gives the energy equation as stated there.
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APPENDIX B2
SPACE TRANSFORMATIONS USED IN THE PROGRAM

We employ two space transformations; the first allows a moving boundary, while the
second allows for unequally spaced points, As originally formulated, the space variable x

ranges from 0 to Ai in each layer: 0 = x < Ai’

If we allow melting, Ai = Ai (t). In particular Ai (0) is the original length. Let Sm (t)

be the amount melted at time t.
The first transformation is that of Landau (reference 1):
X-s (t) X -5

;{- = =
Ai(O) - Sy (t) Ai

n (B2.1)

Past the first layer S = 0. Thus, in these layers the transformation serves only to
standardize the space variable: in each layer 0 = X = 1. In the first layer B2l allows

melting to proceed without dropping mesh points.

In transforming the differential equations, we need the following formulas:

d3x 1
% T q‘ (B2.2)
3% -Ai sm+(x-sm) Sm ) S [x-sm-Ai]
3t T 2 - T 2 '
(a,) (&)

x-s _-A,

m 1 _ )—{-_1

i

or .

3% S (1-X)
% T T T AT — (B2.3)

The need for unequally spaced points arises from the fact that very often the major portion
of the reaction occurs in a small portion of the material (for example, a very steep
temperature gradient at the frontface). One solution is to solve for points which are
unequally spaced in the body. This has the disadvantage of greatly complicating the dif-

ference equations. It would also be somewhat inflexible in that the initial spacing would
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presumably be kept for the whole run. It would seem more desirable to make another
space transformation; in this case in terms of the new space variable the transformed

equations would be solved at equally spaced points.

We would like to vary this transformation with time so as to keep the most points in the

~ most desirable place. However, this becomes quite complicated. In the case of char,
it is concei:vable that more points would be desired toward the middle of the region, rather
than at the end points. For the sake of simplicity this possibility has been put aside until
such time that its usefulness becomes more evident (and also until such time that a solu-
tion becomes more evident). Thus, we are content with a transformation that squeezes

points either toward the frontface or the backface.

First note that the following more common transformations are not entirely suitable:

(Let n be the new variable)

n:(i)n: forn< 1, (9-1> = 4
dx /o

n = (1-x)" has similar difficulties
n

sin <% )_<> : same

3
|1}

At any rate this transformation was eventually chosen:

-rX
l-e

1-e”

n = -

It was then decided that this transformation was too extreme, since if r was chosen so as
to squeeze points toward the frontface, there were not enough toward the back. To over-

come this difficulty the transformation was generalized as follows:

1-e T

T’:
1-e’F
5 (B2.4)
£ -xe’ (x"-x)

r=r(t)
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This is now in the program,

3
R CICOREE
3xX 3 AX ar \ax
but °or =0
3xX
or
2 - () (8
3% &/ \»sx
3n _r e Té
3¢ l_e-r
Later in this section the function r is graphed. It is always positive, or —a—z > 0.
l-e”

-2 -2 -2
CE _ ¢S (x"-x) +x e (x"-x) (c) (2x-1) = e° (x"-x) [1 +CX (22—1)]

3%
This is positiveas longasf (x) =1+ ¢ (Ziz-i) > 0,

fr (i) =C (4;—1)

o

f'(X)=0>x==

[9=9

f (x) has a minimum at x = é’ :

(hervedyd e

IS .
—a-_-g_— > 0 requires c < 8
X

IS
Thus, if ¢ < 8, &

n©)=0,0:7m %

> 0 and this is a legitimate transformation. Also, since n (1) = 1,

"oy

r

Note that < 1forr < Oand > 1 forr >0,

1-e” 1-e
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Thus, r > 0 squeezes toward the frontface and r < 0 squeezes away from the frontface,

(), (1) o0

If r and ¢ are chosen so that (a_n> > 1 and (8—2) > 1 the transformation would squeeze
1 0

dX o0 x

both toward the back and the front. If r and c are chosen so that both are < 1, the maximum

squeezing would be inside. However, as can be seen from the graphs at the end of this

section, this is not feasible for reasonable values of r and c.

To allow more flexibility r is treated as a function of time: r = r (t). Care must be
taken here, for if r is allowed to vary too rapidly or too far, the transformation may be-

come extreme, The present method for computing r is discussed in Section VIL

At the present time it seems unnecessary to perform the transformation in any layer ex-

cept the first. Thus, in layers past the first there is only the trivial transformation,

T)::SK_.

In transforming the partial differential equations, we need the following formulas:

an _[23n 3¢ 3% \ _ =
an . (W) (Si—) (&T) = (n) (59 &) (B2.5.1)
n < F e’
¢ T v (B2.5.2)
c (iz-ﬂ = (o
£ = © [1 +CX (Zx-l)] (B2.5.3)
T = (B2,5.4)
x = Ai . L ]
—aa_tl = T]r rt+ ng C)iit . (B20601)
n ! Tx ¥ | Ty (B2.6.2)
r.r 1+cx(2x-1) l+c v
- S (100 (B2.6.3)
R -0.3
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-r§

m=e
azn =N "[(T)) —+n, (£2) | X
ax2 T oixx T gxgx £ xx] X
(ﬁi) = _)_(EX
X

"xxz[ (E)X+ng€xx x]xx

nxx=(§x)2 [’ngg(ei)zﬂunE ﬁii] (B2.7.1)

n =-Trmn

33 ¢ (B2.7.2)

-3 2
gz = ¢ (2%-1) ¢ X -X) [1 ‘e ;z(zi-l)] + e &%) (o) (ax-1)

& xx

2 _
_c et &%) {(252-1) [1 +ecX (232-1)} 4 §-1}

c (xz—x)

=ce (2x-1) + ¢ x 2x1)+4x1}

{
X ~X) {2(3}(1 +cx(2x1)} (B2.7.3)

The remainder of this section is devoted to a derivation and discussion of equation B2.6.2,

3 ge '8 (1-e"T8) (-e™")
L. 2R LA b S S

8 r l—e“r (1_e—r)
. -T§ o T
= - {n)
1-e7T ( l—e_r)
g r e TE re’ ()
= r 1-eT - o, "
-e r(l-e )

B2-5



(£)m0- 0, (1)
X

Ay ey n (),
T £ ~ 1+c)

v

n X
) (g,-()x(i,g -(3) (g}—{)lYl

—2
e xet X X

[ o© (;(2-;) [1 ‘e ié;‘);i_i)] T lsc X (2x-1)

L
l_&i n, X, n (1),
r

n = X
r = 1+c

1+ c X (2x-1)

It is also desirable to have some info::mation concerning the behavior of 'glr' For this

another form is more convenient:

eTé-n =1-n@1-e")

1-e % - n (1-77)

For this discussion we letc = 0: ¢ =X

d In 7 ne’
o(s) @

r 1T
-r -— p—
-r -r
1-e re
Let
3
h(n)= -
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1+In7p -r
b (n) = +rnn _ e_r
l-e
-r
-r l-e
n(n)= &L L ( r )
rn n

We now graph the following two functions:

p, (r) = r_r q, (r) = z
1-e e -1
P, (r)
pl (I‘) =W pz (I‘):!‘
Py (r) = 1-e "
py (r) ="
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Thus,
>1for~>0

p,(r) is { <1for~< 0

(0,1)
/ pl(r)
T
9%
Likewise
’ )
q
2
ql (r) = —
43
<1lforr >0
oraq, s >1forr <0

\ (0,1) q1

1-e°T

Since >0and”m >0in0=<s n s 1,

h'*(n) < Oforall r andall # in [0,1].
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also,

From previous diagram,

>Q0forr>0

1-—L s
er-l
<Oforr< 0
or, h' (0)> 0
-r
l-r e 1 r
h (1) = =5 - =1 [(l-r)- ]
r 1-e°T r eF1
r
-1 [1-r<1+ 1 )] -1 [l-r( e >] =% [1- r_]
r er-l r e -1 l-e

From previous diagram,

<QOforr>2o0
1 -

- is
1-e

>0forr< 0

or, h' (1) < 0.

h' (M:

\1

h(0) =h(1l) = 0 and b(n):

h(m)
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This work is not really rigorous for r = 0. We use L'Hospital's rule for r = 0:

— — -r
gg - nlnn+r_711.e>_ _ g atr =0
-r(l-e )
lim 3 _ -1 [e'r - rreir‘]- (1+1In7m) (_-n_e"_l_')
r=0 d3r ~ ' r o

+(1-e DHrre”

ne” ((n) - (1s 7))
reT 4 (1-e7h)

_+ e’ I-r+lnﬁ]= n(r+lnn) _0
(r-1) e 11 (r-1) + €T 0

limh(n _ " [1+5¢ne™)

r=0 1+ ef

Nmatr=0,17=1

limh(n) _ n(1-m)
r=0 - _2—_

To obtain information concerning max h (n) we can proceed as follows:

-r
re

1-e”

h (7) has max at _g_‘% =0: 1+1In7 =

r

rlnﬁ:l-(:—"-7—>1=1-(‘n5)

2 1
-r
hin)=-(2 )
! <l-e'r

[l-e_r€ N e” In 77]
1-eT re’
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(n) -1
e’ {e-rg 1} e’ { e[ S ] 1}

- 2 ) (n) 2 n,)
(1-e7") - &1 (1-e7%) &)
[("e) '1] ) [(nE) -(n)] (n,)
et (o) = 1 & N N S £
¥ [(ng) -1J = W
(1) 0 )
e
n) -(n) = e - L =-r
£ o  1-e7F 17T
(n)
£0 .
n)y
£
orf(g)=e el =1
(n) -1
’ e’ e[ngo ]
max h (n) = R G -1 (B2,8)

T ‘ re'l l
maxh(n)—o——z—]e —1$—~0
(e'-1)

It seems difficult to reduce B2 8 any further. Some computed values are as follows:
r=2: maxh(n) r-l
r =3: max h(n) r=33
r=4: maxh(n) r=25
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B2-12

X

| I
.8 1.

.2 o4 .6

Figure B21, 7 (X); c = 0 (See Equation B2.4)

l

.2 .4 .6

.

Figure B24, 7 (X); ¢ = 1 (See Equation B2.4)



Figure B2,4, n (X); ¢ = 5 (See Equation B2,4)
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Figure B2,5. n (x); ¢ =7 (See Equation B2.4)
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APPENDIX B3
AN ITERATION PROCEDURE

Throughout the program many relationships are encountered which require iteration.
Rather than have a separate procedure for each case, we found it advantageous to write
one fairly general technique: it is then necessary to make each case conform to the

specified format.
We assume that the equation can be intelligently written in the form:

x =f (x)
Note that any root problem can be put in this form:
Suppose we want a root of g (x) = 0. An equivalent problem is to solve:

x = f (x), where f (x) =x + g (x)
A well-known method of iteration is that of successive approximations:

Xn+1 =1 (xn)

The conditions for convergence are also well-known:

lf‘ (x)l < 1 in the vicinity of the solution (reference 12, p. 201)

Another iteration procedure is as follows:

Let x, be the first guess.

1
Then Xn+1 is the intersection of these lines:
y= xn+1
y = [f' (xn)] X + |:f (xn) - X f! (Xn)]
[The second line is the line through X s f (xn) with slope {' (xn)] .
or,
— [ _ ]
X001 = a1 f (Xn) +f (xn) X, f (xn)
1
. ) f (xn) - X f (Xn)
n+tl1- ~ 1-f (xn)
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This process will also converge under certain conditions. We will establish convergence

under ‘these conditions:
a. I'(x)< 0

b. f'(x) monotone

Let x be solution: X = f (X)

f (xn) -X - f (xn) [xn—i.l

X -X = ,
n+l 1-1(x)
f(xn)-)_(
X -X X -X 'f‘(xn)
n+l _ n
X, -X l—f'(xn)
-x (g -f(x)
n+1 n . -
X -%X - 1T (x) ¢ is between X, and x
n n
0..,
nsl "X a-t
X -% Ta+1?
n
where a = -f' (xn)> 0
t=-f'(g)>0

Note thatfor 0 < t < a,

a-t
0 < m <1
Suppose now that f' (x) is monotonically decreasing: X) < X > (xl) > fr (x2)

We have two cases to consider:

a. X > Xx:
n

Then x < ¢ < X and ' (¢) > f' (xn)
or -f' (xn) -(-f'(¢g)) >0

or
a-t>90

ey
from above we obtain:
X -X
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X > X X< X < X
n+l n+1 n
and
X <X
n+l1 n
Thus, x will indeed converge.

n+l

Suppose it does not converge to X:
Suppose X - X > X:
X1 " X

but £' (¢) < 0

b, x < X:
n
Thenx < ¢ <X 1" (x ) > ' ()

n+l = :
< 0:}‘rxn > X, or we are back in a.

+1

A similar proof is also possible for the case where ' (x) is monotonically
increasing.

We attempt to apply these two methods, and even assume, therefore, that the function
satisfies one of these two conditions:

a. |t ®] < 1 in vicinity of solution

b. f' (x) < 0 and monotone in vicinity of solution.
Note that the phrase "vicinity of solution" is actually sufficient if the first guess gets you

there., Normally our first guesses are quite good, since the program proceeds in a

step-by-step fashion,

A precise application of these methods would require an evaluation of f' (x). This is
usually impractical, so the following procedure has been adopted. We hope it will take us

to the appropriate method. So far we have had very little difficulty.

Let Xy be first guess

Let X 1= f (xn)
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1. As long as the {xi} are monotone, we assume the process is converging and
we continue,

2. As soon as x; < X4 9 Or Xj > < 9, We have lost monotonicity.
We then proceed by]halvmg the mter};léfll M

a. Let X, = min [xl, X1 x1+2]

% = [
b. Xg = max |X;, X; ., xi+2]
X, + X,
1 72
*
c. Letx =—
d. x** = f (x¥)
X* < xk* X. = x*
if then { _1 and go back to ¢
x* > x** Xy = x*

The first step is clearly related to the method of successive approximations. The second
step is actually part B of the second procedure. In order to go back to part A we would

need the derivative.

We look at a few examples of the above procedure:

y=x v =x
y =f(t)
y = {(x)
X, Xy X X, Xy Xg
since X1, X9, Xg are not monotone, we would proceed by successive
we would halve the interval approximations
y = f(x) y=x
X3 ¥2 %y
successive approximations will divergence appears imminent!

not converge, but halving interval
will,



Because of the possibility that this procedure might not converge under some conditions,

the program will stop after a specified number of iterations.

We mention finally that the program is capable of handling simultaneous problems (ten

is presently the maximum):

for example,

X =f(X,Y,Z)
y=¢ (X’Y:z)
z=h(x,y,2)

actually, we could write:

x=f(x,f (x),fz(x)) = £ (x), which is the correct form. The program proceeds

as follows:

choose xl:

We need to solve:

y =g (x,y,2)

Z

h (x,,y,2)
choose yq:

solve z = h (xl,yl, z). Let the solution be z then obtain Y9 =8 (xl,yl,E), and solve

z=h (xl, Yo z). Proceed until we obtain
S; =g (x1’ §7 Z)

z=h (xl,Sr_, Z)
Then obtain x, = f (xl,i, z),

Repeat cycle with new guess for x until x = f (x,y,z) is obtained. (y and z are computed

for each X, )
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APPENDIX B4
FORMULAS USED IN NUMERICAL APPROXIMATIONS

Three point difference equations are used at various points in the program to approximate
the first derivative of a function. One way to derive these formulas is to pass a quadratic
through the three points involved, and then evaluate it at the appropriate point.

v
\4 2

—

y

0
2 )
N N AN
0 1 2
We assume:
[ 1
Vo =AY, + By +Cyy (B4 1)
. v _dy -
where yo-ﬁ—atx_xo

We require thatBs4, 1 be valid for y = constant, y = x, andy = xz. We can assume X, = 0.

y=k: 0=Ak+Bk+Ck
or

0=A+B+C

y=Xx:1=0+BA +C (6 +A)

2

y =X 0:O+BA2+C(6+A)2

These three equations are to be solved for A, B, C.

2

Po BA"+C (6 +4)A

BAZ+C(6+A)2

[
1

C [A(6+A)-(5+A)2] =0

C - A . _ b
(6 +a)(A-8-24) -5 (T +b)



1+A

B = 1-C (6 +A) _ 56 _ 6+4
- a N T Ab
Ao (028, & _al-(e+p?
- Ab 6(6+4) A6 (aA+9)
_a%-52.26,4-47 _ -6(5+24)
AS5(A+70) A6{(a+9)
_ -(6+24)
T A{a+9)
We obtain, then, this formula:
d '
a% atx=x0=yo=AyO+By1+Cy2 _(B4.2)
A- —f6+28)
Y X))
_b6+A
B G
C-= 4
-6 (6+8)
-3a -3
Fa=6,A= =
Z_A_z_ 72
25 2
B: = —
PR
c-_2»4 -1
_2A2 2a
and
v o1 4y .
Yo =35 [—3yo+ ‘A yz] (B4.3)
Likewise, g% atx=A=y'1=A yo+By1+Cy2 (B4.4)
A= -6
T ala+d
5-A
B= 275
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=
>4
I
o
>
1]
0
>
1
1
[

and

yi:: 5 (B4.5)

In the same manner,

dy _ 5 — -
ﬁ—atX—A+ —y'2—Ayo+By1+Cy2 (B4.,6)
A - 5
- A6 +0)
A+d
B= '( A6>
C = A+20
T 85(A+09)
Ifa =56,
1
A= o
B = -%
3
C=13a
and
R - (B4.7)
2° 24 [Yo 4Y1+3Yz]

These formulas all have error of O (sz), since all that has been done here is to take

the first three terms of the power series.
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In the case that only two points are available:
y

Then oy oy - 2o
s Y=Y =Y5= 5T (B4.8)

This formula has error of O (Ax).

2
In addition, we use an approximation for dy . This is needed only at x, for the case
’ -3 y 1

where A = §. We obtain the usual formul%’:‘

1
vy = .z [y0-2y1+y2} (B4.9)

The program contains an option for differentiating given input tables. The formulas used
are B42,B4.3 and B4.6, Also, the following tests are made:

1. If the first two elements in the table are equal, the first derivative table entry
is zero.

9. If the last two elements in the table are equal, the last derivative table entry
if zero.
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APPENDIX B5
THIN SKIN OPTION

In the case that the layer of material is very thin or has a very small temperature gradient

it is possible to simplify the problem considerably.

Suppose:

1. The internal equation is:
(ka) =P cth: 0=xs A
X
2. (-k TX)0 =q,. @ given

3. (- ka)A =0

4, This approximation is '"good enough':
(T) - (T
(k Tx)x = — A
A/2

0

~

Then, if we let T represent the temperature of the entire layer:
Ap ®p Ti = et (T)

This is now an ordinary differential equation and is solved by a modified form of Picard's

method of successive approximations (reference 12, p. 240):

T+l _ " at .
- T A®B C %et

. n+1
et = %net (t, T7)

n+1
=c (T
cp cp ( )

This equation is solved at each step by iteration.

Note that if the expected temperature gradient will affect only the 3rd to 8th digits, then
this option should be used. If these small changes are actually significant, then the values
should be normalized so as to bring the changes in temperature to the first and second

places.
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10.

11.

12,

13.

14.

15,

16.

11,

APPENDIX .B6
TERMINOLOGY AND DEFINITIONS

Ai: length of layer i

pc
a T.p
C ¢ +H
c
g pg g
Ci: pc_ L
¢ : specific heat (of gas)
p
g
cp = cpl cpa: specific heat
c. =c_ (T
Pp P
c =c_ (p)
Pp Py

At: time increment

Ax, An: space increment

E: activation energy

W 2P
p- 3t
g: heat of depolmerization

HC : heat of cracking
g

Hgf: heat of gas formation

k = k. k_: conductivity

1l a
k1 = k1 (T)
ka = ka (p)

r'ng: mass flux (of gas)

p: density of solid

Pet char density

Py p: density of virgin plastic

p: pressure

q: heat flux
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. - . dr
18. r: "squeezing' parameter in space transformation r' = I

19. R; universal gas constant

20, 5. =5, (t): amount charred at time t

Sm=5m (t): amount "melted" at time t
o d S,
S¢ = 4t
d Sm
Sm = df
Se * maximum allowable char length
m

21. o: Stephan-Boltzmann constant
22. T: temperature
23. t: time variable
24, x, n: space variable
25. z: collision frequency
26. Quantities used at frontface:
1) qn ot} heat flux entering body
2) E;c: convective heat flux
3) a’hgr: heat flux due to hot gas radiation

4) g, radiative heat flux

Yplock’
6) hr: recovery enthalpy

heat flux blocked by mass injection into boundary layer

) he: frontface enthalpy

8) A: coefficient of blocking heat flux

9) cp : specific heat of boundary layer
B1

10) ¢: emissivity
11) ﬁff: average molecular weight of gas as it is injected into the boundary layer

12) r'nff: mass flux at frontface
27. Quantities used only in air gap:

1) q : radiative heat flux
r
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28,

2)
3)

4)
5)

6)

7)
8)

9)

10)
11)

o(a): w=0(a) %% < C, for some constant C, as &t -~ 0.

;1 : convective heat flux
cv

El : conductive heat flux
cond

effective area

A:
Fa: configuration factor
Fe: emissivity factor

acceleration of gravity
: Grashof number

g:
GR
kc: conductivity of spacer rod
L: vertical height
u:

viscosity
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APPENDIX B7

REFERENCES

Landau, H.G., '"Heat Conduction in a Melting Solid,'" Ballistic Research Laboratories,
Aberdeen Proving Grounds, (1948), The basic results of this paper pertain to an
infinite slab, We do, however, make use of his suggested space transformation.

Gordon, P., '"One-Dimensional Heat Conduction in a Decomposing Plastic,"
TIS No. 62SD145, MSVD, General Electric Company. This report contains the
analysis for the original program.

Dufort, E.C, and Frankel, S.P., '"Stability Condition in the Numerical Treatment of
Parabolic Differential Equations,' Mathematical Tables and Other aids to
Computation, Vol. 7, p. 135 (1953). The difference equation presented here was
used in the first program (ref. 2). An interesting intuitive approach to stability
presented.

Richtmyer, R.D., '"Difference Methods for Initial Value Problems, " New York,
Interscience Publishers Inc., 1957, We refer to this book in discussing our
difference equation (Section III)., The approach to stability and convergence is
somewhat opposed to that of Forsythe and Wasow (see reference 6), Of the literature
I have encountered, I consider Richtmyer's book to be the finest, The various
concepts as defined in a very clear, intuitive, and rigorous fashion, Quite a

bit of the discussion concerns the heat conduction equation and various difference
equations are presented.

Forsythe, G.E. and Wasow, W.R., "Finite Difference Methods for Partial Differential
Equations, '"New York, Wiley (1960)., We refer to this book in discussing our
difference equation (Section III), This book presents an approach to stability
which is somewhat opposite to that of Richymyer (ref., 19). They apparently feel
that their approach is more general than that of Richtmyer, but I feel it is

more restrictive, Regardless of personal preference, it is very well written,

The book presents many interesting concepts and éxamples,

Dahlquist, G., "Convergence and Stability for a Hyperbolic Difference Equation
with Analytic Initial Values, " Math. Scand., Vol. 2, pp. 91-102 (1954). This
paper is referred to in the discussion of the difference equation (Section III).
It is quite interesting and points out very emphatically the relationship
between the conditions for stability and the class of functions being considered.

Henrici, P,, "Discrete Variable Methods in Ordinary Differential Equations,"
New York, Wiley, 1962. Reference is made to this book in discussing our
difference equation (Section ITII), Stability is defined as in reference 1.
From our point of view this is the finest book of its kind. It reads nicely,
and develops meaningful concepts of convergence and stability,

Birkhoff, G, and Rota, Gian-Carlo, "Ordinary Differential Equations,' Boston,
Ginn, 1962, Although it appears that the concept of stability was first defined
for partial differential equations, it is interesting to note that in defining
the concept for ordinary differential equations, one is able to obtain further
insight into its role in partial differential equations. In discussing our
difference equation (Section III), we refer to Birkhoff and Rota's treatment of
the Milne Method,.
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10.

11,

12,

Sommerfeld, A., "Partial Differential Equations in Physics, " Academic

Press Inc., Publishers, New York, N.Y, (1949). This book gives a reasonably
simple introduction to partial differential equations. It is concerned
essentially with second order equations. The theory of characteristics (and
its significance) is presented concisely and in a readable fashion.

Nolan, E.J. and Young, J.P., "Graphical and Analytical Solutions to Certain
Transient Aerodynamic Heat Conduction Problems" (TIS No. R60SD310, February,
1960). The abstract reads as follows:

"Analytical solutions are given for certain types of heat conduction
problems occurring during aerodynamic heating. For ease in appli-
cation certain solutions are also presented in graphical form,
Extensive tables are presented of the repeated integrals of the
error function, up to the fourth repeated integral.'

In particular, the program uses two analytical solutions for the first time
step - if desired. (Section VI of the analysis memo.).

Hasting, C., "Approximations for Digital Computers," Princeton, New Jersey,
Princeton University Press, 1955, The program uses the approximation to the
Error Function given on page 187,

Scarborough, J.B., Numerical Mathematical Analysis, third edition, Baltimore,
Johns Hopkins Press, 1955, We had occasion to refer to only two chapters of

this fine book: Chapter IX (The Solution of Numerical Algebraic and Transcen-
dental Equations) and Chapter XI (The Numerical Solution of Ordinary Differential

Equations).
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APPENDIX C

DERIVATION OF STRESS

EQUATIONS



INTRODUCTION

The purpose of this Appendix is to present a method for the calculation of the stresses
within a charring ablator.

Charring ablators are characterized by a pyrolysis zone (figure C1) in which the virgin
material decomposes to form gases and a solid residue. This solid residue, a porous car-
bonaceous (or other refractory) material, forms a beneficial layer of char. The refractory
nature of the char allows higher surface temperatures, leading to increased heat dissipation
by surface re-radiation and by reduction of the driving temperature gradient from the
boundary layer to the solid.

Thickness of the char layer is limited by several mechanisms which tend to remove materi-
al (ref., 1), These char removal or erosion mechanisms may be classified as either chemi-
cal erosion or mechanical erosion. Chemical erosion including sublimation and surface
reactions, has been treated extensively in references 2 to 6.

Mechanical erosion may be further classified according to whether a true surface erosion
mechanism is involved or whether a process in depth is involved. The spallation or pop-

off phenomena falls into the second of these classes. Figure C2 shows the various factors
contributing to each type of mechanical erosion,

Surface erosion is caused by particle abrasion or the action of surface shears. The abra-
sive particles may come from the upstream products of ablation, or (in the case of nozzles
for solid propellent rocket motors), from unburned constituents of the grain. These parti-
cles impinge on the surface, causing additional char material to be removed, Erosion
through the action of surface shears is due to the viscous boundary layer acting upon the
rough surface of char, tending to "scrub' off surface material, It should be noted that chem-
ical erosion of the surface may be aggravated by increasing stress levels (the strain energy
stored) in the material. Stress corrosion may also be important for some of the materials
which are considered for ablation purposes,

Spallation, the mechanism through which material is removed in depth, is the primary con-
cern of this Appendix., The factors contributing to material spallation in an ablation
environment are manyfold and are listed here in two categories; those producing stresses
and those affecting the failure criteria, Phenomena leading to internal stresses are the
flow of pyrolysis gases through the porous char, thermal gradients in the material, surface
shears, and inertia forces. Failure criteria for the char is influenced by basic material
strength, and by the filler (reinforcement) strength and orientation,

Aggravating all the factors mentioned previously is the dynamic environment in which the
char operates. This dynamic environment is due to the acoustic excitation from the bound-
ary layer and the combustion processes.



PREVIOUS EFFORT ‘

Thermal and chemical aspects of ablation have been studied extensively, both theoretically
and experimentally. The structural aspects of ablation, such as mechanical removal of
char material, although observed experimentally, has not been pursued theoretically to any

great extent.

Experimental observations of mechanical erosion of char material are well documented
(refs. 7 to 11). Of particular interest is the quantitative work done at NASA-Ames (ref. 8)
with a typical organic charring ablator, low density (microballooned) phenolic nylon., The
ablation behavior of this material was evaluated in high velocity streams of arc heated air,
nitrogen and argon. The influence of chemical reactions on char removal was determined
by the difference in response in the air and in the chemically inert nitrogen and argon
streams. The lack* of a chemical erosion mechanism in the nitrogen and argon streams
leads to the conclusion that a significant portion of the mass loss is due to mechanical
means, Observations of spallation have also been made for the resin impregnated porous
ceramics in certain simulation facilities. Strauss (ref. 11) reports that spallation of a
phenolic resin impregnated porous zirconia was found in a high mass flow, high temperature
gas stream,

Previous theoretical work on mechanical erosion is documented in references 12 to 15, In
the study reported by Dhanak, the only contributing factor to the erosion mechanism con-
sidered is the surface shear. The analysis assumes a smooth erosion of the surface with no
removal of finite pieces of material as in the spallation process. The theoretical study con-
sists of a dimensionalless analysis (using the Buckingham T Theorem) and results in rela-
tions betwecn erosion rate and a modified Reynolds number. The stress distribution in the
char is not evaluated, rather it is postulated that mechanical loss of material occurs when
the local aerodynamic surface shear stress exceeds the ultimate shear strength of the
material,

Scala and Gilbert (ref. 13) included some aspects of the mechanical erosion of the char in a
comprehensive formulation of the ablation behavior of char forming plastics. The stresses
due to flow of pyrolysis gases through the porous char were determined from an approxi-
mate equation based on the one-dimensional equilibrium considerations. An estimate of the
thermal stresses was obtained for the case of temperature independent material properties.
Mechanical failure and removal of material were assumed to occur when the uniaxial
strength of the char is equal to the combined pressure and thermal stresses in the thickness
direction.

Menkes (ref, 14) presented a theory to describe the structural behavior of the porous char
layer of a charring ablator. The effects of variable temperature, pressure and porosity
were considered in determining the stress distribution for an axisymmetrically heated cir-
cular cylinder.

* C-N reactions become important at elevated temperatures (see ref. 4),
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Mathieu (ref. 15) recently presented an improved formulation for the transient thermal
response and ablation performance of charring ablators. Two mechanisms are considered
as possible contributors to the mechanical erosion. The first mechanism considers the
pressure stresses generated by the flow of pyrolysis gases through the porous char,

METHODS OF ANALYSIS

The structural analysis methods presented here are applicable to any heat protection
system in which transpiration cooling (passive or active) is realized by the flow of gases
through a porous solid, Examples of systems which use passive franspiration cooling are
the organic plastics (modified epoxies, phenolics, melamines) which react to depth to form
a porous, carbonaceous char., Methods developed here may be applied to the composite
materials also, such as the refractory reinforced plastics (graphite phenolic, phenolic car-
bon) and the resin impregnated porous ceramics (phenolic filled porous zirconia).

These heat protection systems all possess common characteristics which lead to internal
stresses and the possibility of spallation failure. These characteristics are the flow of
gases through a porous solid, the presence of thermal gradients, and an external shear
force applied to the exposed surface. The methods available for predicting the stresses in
such a system are based on the principles of mechanics, In particular, the approach
adopted here is based on the linear uncoupled quasi-static theory of thermoelasticity as pre-
sented by Boley and Weiner (ref. 16) and on elasticity theory for porous media as presented
by Biot (ref. 17).

Thermoelasticity of Porous Media

The fundamental equations from the linear uncoupled quasi-static theory of thermoelasticity
for a porous solid are the equilibrium equations, the strain-displacement relations, and the
stress-strain relations.
Equilibrium
+ = L

%55 £ =(po)'i (1)
Strain-displacement

e,. =1/2(u, .+ u, .

b (st ) @

Stress-strain

.. = 6. + 2 -
013 61J T €RR “eij 61j MT (3)

The equilibrium equations (1) are the equations of motion of Newtonian mechanics and as
such are applicable to any type of material or process. The body forces ( fi ) do not contain



inertia terms due to the quasi-static restriction, and thus, no time derivatives appear ex-
plicitly in these equations, If the boundary conditions do not involve time derivatives, then
the time t enters the problem as a parameter rather than an independent variable. The
effect of internal pressure and porosity is reflected in the term (p© ). With the proper
definition of stress, the equilibrium equation is the only place, aside from the boundary
conditions, where porosity effects enter,

Since the strain-displacement relations (2) are purely geometrical or kinematical in nature,
they are applicable to any material or process, However, these relations (2) are restricted
to small displacements (or more properly small displacement gradients). These relations
define the small strain tensor of linear elasticity where the displacement of a material
particle is given by a vector w (x1 X, X, t). The strain components of the fluid or gas

? 25 3’
contained within the pores of the solid material are written as (ref. 16)
E =1/2(U + U,
1 < Y] J,1> (4)

where Ui (x1 X, Xg t) is the vector displacement of a fluid particle.

It is the constitutive relations which determine the specific type of material we are dealing
with. For linear thermoelasticity, these are the stress-strain relations show by equation
(3). These stress-strain relations define a linear elastic isotropic media with thermal
strains € = éij o T. Any coupling in the stress-strain relations between the porous solid

and the contained gas is assumed to be negligibly small (see Biot, refs. 17, 18) for a for-
mulation which includes this coupling. With these equations, the char (and the virgin
material) is.considered to be an elastic, isotropic, nonhomogeneous porous material,

In the following sections, the solution of the field equations (1, 2, 3) is considered for two
particular geometries, a thick composite cylinder and a thin conical shell.

In the first of these approaches a thick composite cylinder is considered to be subjected to
axisymmetric temperature, pressure, and porosity distributions. A two-dimensional elas-
ticity formulation based on the assumptions of generalized plain strain is considered, and it
is shown that a single governing differential equation is sufficient to determine the stress
distribution.

For the second approach a thin conical shell is considered to be subjected to axisymmetric
temperature and surface shear distributions, The usual assumptions of thin shell theory
are involved, and a set of two governing differential equations is obtained (modified
Reissner-Meissner equations) for the stresses,

Thermal stresses are obtained directly from both of these approaches, The combined
stresses, which are due to thermal, pressure-porosity, and surface shear stresses, are
obtained by superposition of solutions from these two methods. This superposition is valid
within the realm of linear elasticity, and for configurations such as small angle cones for
which the cylinder solution is approximately valid.
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Thick Cylinder

The geometry of a thick, hollow cylinder (figure C3) is a useful model for analytical investi-
gations of the structural behavior of charring ablators. This geometry is, for the case of
an external char layer, an idealization of certain types of plug nozzles, and some types of
ablation test models. For the case of an internal char layer, this geometry simulates the
test model in certain types of ablation simulation facilities, the combustion chamber of
most propulsion systems, and also is an approximation to the throat of a space rocket
nozzle,

Large temperature gradients, which are invariably present in such geometries under opera-
ting conditions, invalidate the assumption of material homogeneity, This is caused by the
strong temperature dependence of material properties, which leads to space dependent
properties for the structural analysis.

Several previous investigations (refs. 19 to 22) are available which consider temperature
dependent properties in a cylinder. Baltrukonis (ref. 19) has given a very general formu-
lation in which the properties E (modulus), v (Poisson ratio), and o (thermal expansion)
are taken to be temperature dependent for a cylinder under plane strain €z, = 0 ). Solution
of the resulting governing differential equation is performed by numerical methods with a
digital computer. Several approximate (temperature independent) formulations ameanable
to closed form solution, are then compared with the numerical solution.

Hilton (ref. 21) considered the shear modulus G and the thermal expansion a to be tempera-
ture dependent for a cylinder under plane strain (¢, = 0) or constant strain (with F, = 0),
However, Poisson's ratio was assumed to have a constant value of 1/2 (i.e., an incom-
pressible material), thus, allowing a closed form solution.

Heap (ref. 21) considered only the thermal expansion o to be temperature dependent for a
cylinder under plane strain. Mahig (ref. 22) allowed E to be space dependent and obtained
approximate solutions by a perturbation technique,

These investigations are restricted to cylinders under plane strain (except ref. 20 as men-
tioned previously) and to single layer cylinders, Although not explicitly mentioned, ref.
22 is readily extended to multi-layer cylinders. The present analysis is applicabie to a
multi-layer cylinder composed of different materials and subjected to an arbitrary axial
force (i.e., generalized plain strain since ezz = const.),

For the cylindrical body of figure 3 with an axisymmetric pressure, porosity, and tempera-
ture distribution, the equilibrium equation (1) becomes:

o' + <0r_GS)A = (P o) (5)



where the prime implies differentiation with respect to the radius (r). Under these condi-
tions, the strain-displacement relations (2) become:

¢ =u 6)
ee=u/r )

with the additional assumption of generalized plane strain, the remaining strain component is:

€ =€ o (constant) (8)

Now the compatibility equation is obtained by differentiating equation (5) and substituting into
equation (6):

er—<r€e>'=0 9)

The stress-strain relations (3) for generalized plane strain become:

_ 1+ v\ [ |
€= < ) (l—v)or— \)GGJ -VvVe +aT

E L o
e = (1Y -(1-\; vo l-ve +aT 10
0 E A )06 o1‘_ o (10)

Equations 5, 9 and 10 are the four governing equations in terms of the unknowns or, oe, e:r, &

By suitable elimination of the unknowns Og, €y, €p, the governing differential equation in
terms of o, may be obtained:

Q o, = F (Pv) + F, (aT) (11)

where Q is the second order ordinary differential operator with variable coefficients

- no] 3 ' . -1, | E@-2v)
QI ) =( )+|:—r—+E(E—1):|( '+ E ) [r(T\T)_] ( )

and the "forcing functions' due to pressure, porosity and thermal expansion are

1

- 1" -1 2+ Vv 1
F, (P o) = (Po) +[E €Y+ r(l_v)] ® o)

. _-E '
F2 (aT) = -V (aT)




Thin Conical Shell

One of the parameters affecting the structural behavior of the char and influencing the
mechanical erosion is the viscous aerodynamic shear acting at the surface, As shown in
figure C2 this surface shear may contribute to mechanical erosion throughthe surface ero-
sion mechanism or through the spallation mechanism. The present section is devoted to
formulating a theory capable of predicting the stresses due to surface shear which influence
the spallation mechanism.

The approach used to determine these stresses is based on the shell equations presented in
refs, 23 through 26, The equations for small deformations of thin elastic shells of revo-
lution, due to E, Reissner (ref, 23), are modified by DeSilva in ref, 24 to include thermo-
elastic effects, In ref, 25 Naghdi has shown the influence of surface shears in the stress-
strain relations. In ref, 26, McDonough has included both effects for monotropic materials.
However, these theories are restricted to the homogeneous case (constant modulus E). In
the present report, the equations are generalized for the inhomogeneous case where E is
considered as variable, but Poisson's ratio is still kept as constant.,

General Shell Equations

The shell equations presented here may be derived directly from the three dimensional
elasticity equations (1, 2, 3). An example of such a derivation is presented in ref. 26, The
shell compatibility and equilibrium equations obtained are:

Compatibility
o o o]
LIS, ={re t 7 2e - B 14
R ( e) ( e ) o
Equilibrium
(rv)! ==-r aPv
t _~ = - ~
(rH) a N 5 ra PH
GM§>-rWMe-&aﬂ)ﬁn@+&@VMmsm=&rle+ (15)

These equations apply to a general shell of revolution, figure C4 whose reference surrace is
described by the parametric equations:

r=r (&)
z=12(8)

'
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The usual stress-strain relations employed in the classical theory of shells are for homo-
geneous shells, that is, constant material properties through the thickness of the shell,
Thus, when transverse shear (Q) and surface shear ( T ™) are considered in the expression
for the transverse shear stress in the homogeneous shall becomes (ref, 25):

2 2
Fe i) |+ () ()
O'E €=2T1‘ Q |1- m -z T 1-2 m -3 T172_ (16)

The shell stress-strain relation in terms of the shear stress resultant Q@ may then be obtained
from the stress-displacement relation:

uo 1 4
G£€=G _—Q+ B+—OL—w0 a7)

h 2
by multiplying eq. (17) by [1 - (Q/—z—) J , substituting Og¢ from eq. (16) into eq. (17) and
integrating through the thickness:

u

5 o} 1 1 1 h) +

=—hG |- — + B+ — + — (=T

Q 6 rs 04 Wo 6( ' (18)

This procedure for obtaining the shear stress-strain relation is followed since it simulates
the algebraic and integration processes involved in the variational approach (ref. 25) for ar-
riving at the shell stress-strain relations.

For the inhomogeneous case considered here, the expression for the transverse shear stress
analogous to eq. (18) is obtained by assuming the shear strain may be represented by a
quadratic function:

£E¢ _ Q/h fl (C)+T_ fz(g) .
G G + (19)
AVE G
where
fl(g)=a +a1g+ azg
2
fz(C)—b +b1(;+b2€
GAVEz.[Gdg/h



The function f1 ( €) is evaluated by using the conditions:

a) f. =0 @ ¢ =d

The function f2 ( C ) is evaluated by using the conditions:

a) f2 1@g=d1

b) £, =0@ (=-dy

/ gg 96=0

Thus,
_ 2
£, (C)=@-v) |1+ 21 ZZ - 20)
1 2 1 2
2
Yd d ¢ ¢
_y_2 2 — i-v —
where
1 d.d. cC
vy = 1- _L (22)
D (1-v 2

Now the stress-strain relations are obtained by multiplying eq. (17) by £ 1 (C):
u

. (s}
o} £ fl(C)—Gfl((;) -q + B + — w (23)

Then substituting for o c (from eq. (19) into eq. (23) and integrating through the thickness
of the shell, gives:

\
Q = H _——°+B+—a—w ~H T (24)
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where the transverse shear stiffness H _ (shown in figure 5) is

g
3 3
hEsvE A A I 4 9
2(1 + V) 12 2\1 2 3 d1 + d2
¢ = 2 3 3
(1-v) Y rdd +1 l1- 4% 7% _ ! d2+d2)+
dl—d2 12 3 d -d 2 d1+d2 2 \1 2
1 2
1 (dls i d25 )
5 5 (25)
<d1 - d2> (dl n d2>
which reduces to 2 Gh in the homogeneous case (ref. 25).
The stiffness H'T is:
hG [ d d 2 d d
AVE 1% Y9 v % (v
H’T = " 5 d1 + d2 + o + — +
G <d1+d2><d1—d2> h d, h
d -d 1 - _
+<1 2>_<d2_d2>+ S 0 ) VAR T
d 2 2 a. ~ |
d1 9 1 dlh d1 dZ h d1 h
(26)
o 2 () () e (v S e
dlh 3 1 2 d1 d2 dlh d1d2 h dl h 4 1 2
2
- ——1-— —li i<d5+d5> [l—y] f—?z + dd, +
1d2 1h 5 1 2 dl—d2 12
3 5 .5
1 2d1d2 d1 + d2 9 1 (dl +d2 )
"3 )17 /d-a\2{\d -4 1/2{d +dy )+ 5 2
< 1 2> 1 - <d1—dz> <d1+d2>
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which reduces to - 1%— in the homogeneous case (ref. 25),

The remaining shell stress-strain relations may be obtained directly and are recorded here

as:
C t
o [t )
1-v r o Ty 8 o
C 1 , T v
Ng = 2 | U +—U)+(_+_>Wo - N,
1oy o r o r'E 8
27)
-
1/ o
M, = D ——<8+\)—8> -M
£ o T T
R
Fl ,
M. = D —(vs'+r B) -M
8 a r T
where
C =fEd(_f,
1
p = —5 [E*ac
1-v
(28)
1
N, = — /EaTdC
T
1-vV
1
MT— 1-v EaT (d(

The compatibility, equilibrium, and constitutuve equations may now be combined into two
governing differential equations in the basic variables ( B) and (rH). Upon proper elimina--
tion, these two second order differential equations are obtained:

C-11



where;

C-12

< [B]'<}Z—D—) H) = £+ f1p + fig (29)

Z'Ca
z2[rH]+(ra)8=f21+f22.+f23 (30)

2 ! t
t
'/~ tont 1 (rP)Jr\)rrP
f 2{\’@—/9 + C}(rV)+vEr"(1“V)’— I 2

= — a-=
21 (r/a) i 2 Hg /)

f

___ _ 1
99 = C ¢ \))NT




Solution for cone

The governing differential equations for the general shell (eq. 29) and (30) are now specialized
to the case of a conical shell., The parametric equations of the reference surface of a conical
shell (figure C6) may be written as:
r=Ssinw
z=8cosWw
Now dS=d € thus & = 1 and
r'=siny z' = cos W

where primes now denote differentiation with respect to S.

Inserting these parameters into equations (29) and (30) the governing equations for the cone
are obtained:

b4 = 31
L1 _B] + Y (rH) F11+F12+F13 (31)

= 32
L (rH)] + 8B=F, +F,, +F,, (32)

2 L

where

1T 30T 4

Y = —cos WrD

p=Ccosw/r
sin w
F11 = —D—— (rv)

1 2 Vv 1 C v !
R o= — i —f(1-= i — w @V
I‘21 rz (r PH) + - PH Sin w+ 2( Hg)&n wCos W(rv) + - Cos w (rV)
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12 T
7
=~ (1-V
F22 a )NT
+
F13—— dl'r /D
F o= Z'C 51 o
23 r Hg

An approximate particular solution to these equations may be obtained by following the work
of Hildebrand (ref. 27) and De Silva (ref. 24),

Let
B =Bl + 82 + 83
(cH) = @H), + (H), + (TH)

where Bi and (rH)i refer to the particular solution for the forcing functions F 1 and FZi'

Now Bi and (rH)i are represented by the sequences {Bim)} and {(rH) i(n) } . The conver-
gence of these sequences has been demonstrated by Hilderbrand for B, and (rQ) 1’ and by De
Silva for B, and (rH)2 for the arbitrary shell of revolution., Their method of successive
approximations is implemented by setting B(io) = 0 in the equilibrium eq. (31) and thus obtain-

ing (rH)i(o) directly.

Then (rH) i(o) is used in the compatibility eq. (32) to obtain Bi(l). This procedure is continued,

resulting in the recurrence relations:

m 1 (n)
CH); "=y {Fli - [Bi }}

m_ 1 _ (n-1)
Bi = 3 {FZi L2 [(rH)i ]} (33)

with si(o) =0
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It may be shown that the successive approximations need be carried only to the point of
evaluating Bi(l) and (rH)i(l). This is consistent with assumptions of thin shell theory, and the
restriction that distributed loadings may very appreciably only over a distance comparable

with the representative dimension of the shell (such as r).

For the case of negligible axial variation in T, p, and 'r+, this method yields:

9 -
B, (r—V)2: 218 Gtan®e |ssiwp
CSCos  w C| Cosuw
I ;
82— 0 C Tan w Cos 2 wT
H d
3 H
3 He
2
(rH)1 = [1 - D/C (S Cos w) ] Tan w (rv)
(tH), = 0
H d
D T D 1 +
=|lsqg -2 (1 ). 2 L
(rH), 18 <H§> 5 Hg Tanw (T')

The stress resultants are now determined from equations 15 and 27 which are written for the
conical shell as:

5
(ry) = Sinw / S P, ds
(o]
Ny = S P, Sin w (rH)'
_ (rH) (rv)
Ns S * S Tan w
Q . H @V
S Tan w S



2
i

' B
5 D[\)B +—S—:l—MT

! B
s D[B-l—\)—S—J—MT

From these stress resultants, the stresses are found from: (ref. 28)

=
I

_E[ } E¢ [ ] EQ T

0= = | N_+ N + @ — M +M -

s C|'s T pa-v® Ls T 1-v
E E ¢ [ EQT

o, = — |IN.+N + —— | M+ M -

6 C [e ’IZI pa-v?) | ° TJ v

_ E E +
ng— C[Q] fl(C)Jf;:[T ]fz (€)

where fl (C) and f2 ( ) are given by equations 20 and 21 and E is Eat ¢ = dl'

Parametric Studies

The methods developed in the previous section enables one to predict the state of stress in
the char and virgin material (treated as a continuum), These stresses (due to thermal gra-
dients, pressure forces, and surface shears) must then be compared to an appropriate fail-
ure criteria in order to determine survival or failure of the char material, Before pursuing
this matter further, it is worthwhile to inquire about some approximate analysis for predic-
tion of the stresses. If such approximate analysis can be shown to give accurate answers in
certain situations, then a considerable savings of effort may be realized.

Approximate Methods

A simplified analysis for the pressure stresses (stresses due to flow of pyrolysis gases
through the porous char) and the thermal stresses are obtained by considering the semi-
infinite slab of figure Cl. The constraints of displacement are chose such that

u=u@x r=w =20

The porous solid is subjected to the pressure and temperature distributions shown in figure
C1, and the equations (1 and 2) of the quasi-static* uncoupled theory become:

*See ref (29) for an analysis which includes the inertia effects for thermal stresses in a
semi-infinite slab with a moving boundary.
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g = (Pwo) (34)

XX, X .

“ax T Wrx (35)
Oy = ()\+2u)exx—mT (36)
Yy =%z )\exx_mT @7)

= = = 0
ch ch 9 ZX

XY Yz ZX YY ezz

The boundary conditions for this problem are:
cxx 0) =- (1~ roo) P0

€x (®)=0
By integrating the one-dimensional equilibrium equation (34) and enforcing the boundary con-
dition at X = 0, the Oxx stress is found to be:

g =Po -P (38)
XX (o]

Note that only the pressure and porosity, and no thermal effects, appear in this equation,

The remaining stresses o and S, are found from equations (36) and (37) to be:

YY
MPo-P
O

A
GYYaozz—mT<>\+2u _1> + A+ 20 (39)
Thus, these stresses contain both pressure, porosity, and thermal effects.

The expression for the pressure and porosity stresses given by equation (38) is quite simple
and straightforward. However, it is strictly applicable to the plane slab only and must be
used with caution for geometries which contain curvature. For large radius structures, such
as large diameter nozzles, equation (38) gives a good estimate of the pressure and porosity
stresses. But the utility of this equation becomes more limited as the curvature changes,
Thus, it should not be used for small nozzles and cylindrical or conical ablation models,

For these cases, the theory presented in the previous section must be applied, This theory
includes the effect of temperature dependent material properties, the coupling between the
in-plane stresses (o v or or) and stresses through the char thickness ( oy, or o), and
accounts for composi&z or layered materials,
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NOMENCLATURE

C extensional stiffnes f EdC
D flexural stiffness

d 17 d 9 distance (fig. C4)

E elastic modulus

e, j strain tensor in fluid

F force

f ; body forces

G shear modulus

h shell thickness

H stress resultant (fig., C4)

H E 1 H shear stiffness

m Br+u)a

M moment

N stress resultant

P internal pore pressure

Q transverse shear

by radial coordinate

S conical coordinate (fig, C6)
t time

T temperature difference from reference state
u displacement vector of solid
v i displacement vector of fluid
v stress resultant (fig. C4)
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ij
ij
A, M

ij

Subscripts

Xy, ¥y Z

NOMENCLATURE (Cont'd)
cartesian coordinate
displacement

mass loss through ablation
axial coordinate

rotation

scale factor

thermal expansion coefficient
Kronecker delta

strain tensor in solid
Lame's constants
Poisson's ratio

stress tensor

porosity

cone angle

surface shear

perpendicular to shell axis
at reference surface
radial

conical coordinate (fig. C8)
thermal

parallel to shell axis

coordinate
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NOMENCLATURE (Cont'd)

g meridianal

9 circumferential

o normal to surface (thickness)

Superscripts

o at reference surface (middle surface for a homogeneous
shell)
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APPENDIX D

PROGRAM STRUCTURE



This appendix is designed to be a guide for the programmer between Appendix B and

the Fortran listing of the program itself, As a result, the manual is very general in its
nature and does not contain any specific equations, This allows flexibility without tying
the programmer down with modifying the write-up for numerous modifications,

It was decided to reference the equations in the Fortran program by the numbers used in
the Appendix B since the numbers assigned to the general equations will not be changed.

Flow charts are generalized also, since ample comments are included within the Fortran
program. This may require more effort on the part of a programmer familiarizing him-

self with the program, but then the results are retained longer,

Point Counter Configuration

For the purposes of continuity and consistancy in the programs, the following conventions
have been used.

1. J is the layer counter. 1 < J < 10

2, 1I is the point counter in the arrays (T, DENS, P) where more than one time step is
saved,

3. MN is the point counter in the arrays (e.g. XLOC, ETASBX, ETASBT, ETC.)
where only one time stop is saved.

4, JLAYER (J) is an array which gives the last interior point of the (J - 1) layer and
where JLAYER91) = 0.

5. KONVAR(1) is the total number of points in the body. This is also referred to as
ITIME,

6. KONVAR(2) is the time step counter (i.e. it is a one for the first time step and a
two thereafter), This is also referred to as KTIME,

There are presently three arrays which need previously calculated values. These arrays
with their dimension are T (450), DENS(450), P(450) or the temperature array, the solid
density array and the gas density array. It was found to be convenient to store the pre-
vious time step values in the beginning of the array in question.



Let us now look at a chart to illustrate our point,

tn+1 o o (o] o« o 0o (o]
t
At2
t o o o o
n
Atl
tn—l o o o .o o
1 2 3 ITIME

X —
1 <X = 150

Since the set of points which we are solving are on the tg,; level, we find that it is con-
venient to compute the II counter by using the following formula;

II = KONVAR(1)* KONVAR(6) + MN
MN is computed using the JLAYER(J) array and the points in the body, I
MN = JLAYER(J) + I

As a result the loops are usually set up as follows:



LAYER OR
J LOOP

COMPUTE THE
NUMBER OF
POINTS IN
THE LAYER

»

1

POINT OR
I LOOP

COMPUTE THE
MN COUNTER

\

COMPUTE THE
II COUNTER

i

COMPUTE THE
ARITHMETIC
EXPRESSIONS

1

1




ABLATE
Calling sequence:
CALL ABLATE (H)

Where if

H = 0,0, the rates of melt and char are computed.

H At, the amounts of melt and char are computed.

Routines in the transfer vector:

TABUP QBLK
QNET TNEST
CHARP

Purpose:

This routine computes the rates and amounts of melt and char of an ablating body. The
equations for the melting options are described in Section II, part C of the Appendix B.



ABLATE

SET RATES
TO ZERO

COMPUTE THE
AMOUNTS OF
MELT AND CHAR

COMPUTE
THE RATE
OF CHAR

!

COMPUTE
TIIE RATE
OF MELT

RETURN




AIRGAP
Calling sequence:
CALL AIRGAP
Routines in the transfer vector:
TABUP
INTPTS TNEST
Purpose:

This routine solves the air-gap equations discussed in Section IV of the Appendix B,



ATRGAP

YES

INITIALIZE
CONSTANTS AND
GRAVITY
COEFFICIENTS

FIRST

THROUGH

NO

\TIME/

COMPUTE

by

l

LOOK UP
TABLE
VALUES

Is
AIRGAP THE
LAST
LAYER?

Sy

-

COMPUTE C,, Cp,
C4, by, by, by, by

.

—

COMPUTE
Cy

!

SOLVE FOR
Tx4n +1

Y

CALL TNEST FOR
ITERATION ON

Tx4n+1

] ‘

COMPUTE
Cq

[

Y

SOLVE FOR
T n+1
*3

CALL TNEST FOR
ITERATION ON

T, n+ 1
X3

'




BEE
Calling sequence:
CALL BEE (II, MN, J, ITER)
Where
II is the point counter of the arrays which save previous time steps
MN is the point counter of the arrays which do not save previous time steps.
J is the layer counter

ITER is a control which is set in BEE to control the iteration on a point in the
subroutine INTPTS.

Routines in the transfer vector:
DFINTC PBETA
TABUP
Purpose:

This routine computes the Beta coefficients of the heat transfer equation. The equations
are discussed in Section II, part B of Appendix B.



BEE

CALL
PBETA

SET UP
TRANSFORMA-
TION TERMS

!

LOOK UP
Cp, K, dk/dT

!

COMPUTE
by, b,

COMPUTE
3p5/3x

!

LOOK UP
GAS
PROPERTIES

!

COMPUTE
b3 AND b4

{

MODIFY bg
FOR
CYLINDRICAL
OR SPHERICAL
COORDINATES

L

COMPUTE
B1, 82,883, 84

SET
COUNTER

e |




CHARP
Calling sequence:
CALL CHARP(I, J)
Where:
II is the position counter with respect to time step and n.
J is the layer counter
Routines in the Transfer Vector:
NONE
Purpose:

The routine computes the ka’ ka', and Cp, discussed in Appendix B, Section II, Part 2,
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CHARP

PRESSURE
OPTION

DENSITY
EQUAL CHAR
DENSITY

ASSUME
COMPUTE ka =1 -C
- -1 _
Kas K'g, Cp Cpa—,l. - C,
a K' = 0‘0
a
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CLCINT
Calling sequence:

A = CLCINT (IND, DX, FX, TEMP)
Where:

A is the value of the integral

o |
Dx{

FX is the integrand

0, Trapezoidal rule

1, Simpson's rule

0, when X.EQ. A

X(N) - X(N - 1), when X.NE. A

TEMP is an array containing 5 cells which must not be used for any other purpose
while the integration is being performed

Purpose:

B
To compute the definite integral of / F(x)dx by
A

0. Trapezoidal rule
1. Simpson's rule
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CLCINT

'

SET UP
VARIABLES

COMPUTE
TRAPEZOIDAL
RULE

AVERAGED
SIMPSON'S
RULE

SIMPSON'S
RULE

1.

STORE ANSWER
IN
CLCINT
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CLPOLY
Calling sequence:
Y = CLPOLY{X, A, N)
Where: 7Y is the value of the polynomial
X is the independent variable
A is the name of the array of coefficients
N is the degree of the polynomial
Routines in Transfer vector:
NONE

Purpose:

To evaluate the polynomial SUMA@)*X**(I-I) I=1, N + 1)),
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CL POLY

l

STORE
CONSTANT
TERM
TEMP

SET UP INDEX
FOR COEFFICIENT]

Y

COMPUTE
POLYNOMIAL BY
NESTING
PROCEDURE

"

STORE RESULT
IN CLPOLY
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DEE
Calling sequence:
CALL DEE (II, MN)
where II is the point counter in the body and MN is the point counter in the layer.
Routines in transfer vector
Purpose:

This routine computes K/e and its partial derivatives and the d; coefficients for the pres-
sure difference equation discussed in Appendix B, Section X, Pressure Option,
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DEE

'

RESTORE
INDICES

e

COMPUTE
APPENDIX B
EQUATIONS
€ X.13.9)

e (X.13.10)
k/e (X.14.1)
(k/e)h (X.14.2)

(k/e)m (X.14.3)

e t (X.13.12)
et X.13.11)
(k/e)t (X.14.4)
(k_/q)ht_ (x 14.5)

v

CALL PHI FOR

APPENDIX B
EQUATION
o Dy o D, 5 (K.13.3)
f
f2+wtg’ 2t
COMPUTE
APPENDIX B
EQUATIONS
d, (X.3.2)
ds, (X.3.3)
dy (X.3.4)
di (X.15.2)
" (X.15.3)
d nmn
l'nt
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DFINTC
Calling sequence:

CALL DFINTC (DFFC, II, MN, J, FD, SD)

where:
DFFC = Array for which the partials are to be computed
I = Point counter on body
MN = point counter in layer
J = layer
FD = First partial derivative
SD = second partial derivative

Routines in transfer vector
NONE
Purpose:

To compute the first and second partial derivatives of an array by using differences,
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DFINTC

'

SET UP
COUNTERS
AND INDICES

COMPUTE PARTIAL
DERIVATIVES
BY USING
3 POINT FORMULA

BACK FACE

COMPUTE PARTIAL
DERIVATIVES
BY USING
2 POINT FORMULA
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DELTAT

Calling Sequence:
CALL DELTAT(K)
Where if:

K =-1, At is modified since

An

_Smnx

At <

K =0, At is chosen from the table DTIME
K =1, At is assumed to be the correct magnitude.
Routines in the Transfer Vector: |
RITER
Purpose:

To compute the At for the time step.
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NO
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REDUCE T TO
LAST TIME
STEP VALUE

Y

COMPUTE Ry,
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LOCATIONS
DERIVATIVES

Y

COMPUTE
NEWA t

Y

INCREASE
At

NO

PICK At FROM
TABLE
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YES

CUT At




DENSIT
Calling sequence:
CALL DENSIT ({II, MN, K)
Where:
IT refers to the point with respect to the time step and n position.
MN refers to the point with respect to the n position.
K refers to an indicator for use of either the explicit (K = 1) or implicit (K = 0) scheme.
Routines in the Transfer Vector:
WDP TNEST
Purpose:
This routine computes the densities in the body. Changes in density, due to charring, take

place only in the first layer. The equations used in this subroutine are discussed in Appen-
dix B Section V,

COMPUTE DENSITY
BY
IMPLICIT SCHEME

COMPUTE

DENSITY DENSITY BY
REMAINS EXPLICIT
CONSTANT SCHEME

- {
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DIFTAB
Calling sequence:

CALL DIFTAB (Y, X, DYDX, NX, NL) where:

Y = Dependent table

X = Independent table

DYDX = Derivatives of Y table with respect to X
NX = Independent table length

NL = Number of layers

Routines in transfer vector:
NONE

Purpose:

To compute the derivatives by finite differences of tabular arrays.

Part B, Appendix D,

The equations are in

D-23



DIFTAB
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v

SET UP COUNTERS
AND CONSTANTS

Y

COMPUTE THE
DIFFERENCES FOR
FIRST POINT

Y

CALCULATE THE
DERIVATIVE OF
THE FIRST POINT

Y

COMPUTE THE
DIFFERENCES FOR
MIDDLE POINTS

Y

COMPUTE THE
DERIVATIVES FOR
MIDDLE POINTS

Y

COMPUTE THE
DIFFERENCES FOR
END POINT

Y

COMPUTE THE
DERIVATIVES FOR
END POINT




DPRESS
Calling sequence:
CALL DPRESS (II, MN, I)
where:
I is the point counter on the body MN is the point counter in the layer
I is the explicit/implicit control
Routines in transfer vector
DEE
RHOFFC
ERROR

Purpose:

The compute the gas densities at each interior point. By either the explicit or implicit
scheme. Appendix B, section X, Pressure Option,
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DPRESS
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'

RESTORE
INDICES

&

S

COMPUTE FRONT FACE fg
AND SET ALL OTHER
POINTS TO SAME VALUE

COMPUTE THE
COEFFICIENTS FOR THE
GAS DENSITY
APPENDIX B
EQUATION X.6.7

=

SET UP
COUNTERS

'

COMPUTE g
EXPLICITLY

COMPUTE
D-VARIABLES
FOR EACH POINT

!

COMPUTE
GAS DENSITY
FOR EACH POINT




EMG
Calling sequence:

CALL EMG (I)

Where:

II is the point counter with respect to the time step and n

Routines in the Transfer Vector

WDP
Purpose:

Computes the rflg, mass flux of gas, in the first layer. The equation is defined in Appendix
B, Section I1. B. 2,
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EMG
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PRESSURE
OPTION

SET UP COUNTERS
TO COMPUTE FROM
BACKFACE FORWARD

—

CALL ROUTINE TO

COMPUTE v'vP

Y

COMPUTE
COMPUTE m, FOR
& PRESSURE OPTION
o ,




ENLARG
Calling Sequence:

CALL ENLARG

Routines in the Transfer Vector:

EXPAND

Purpose:

The routine calls EXPAND to make all dependent tables the correct length.

CALL EXPAND FOR
EACH DEPENDENT
TABLE

{
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EXEC

Calling Sequence:

CALL EXEC

Routines in transfer vector:

DENSIT
TNEST
PTX1
PTX12
INPUT
INTFC

Purpose:

PRESSM

INIT

NSUBT

ATRGAP

ouUTPUT

GAMA

STARTT TABOUT

DELTAT HTBLNS

INTPTS

RITER

ABLATE

EMG

To call the subroutines in their proper order., For flow chart see page E-5,
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II

II1

EXPAND ROUTINE

Title: EXPAND
Type: Fortran IV Subroutine
Calling Sequence:
CALL EXPAND (NIND, XTABL, NARAY, ENDTBL, NVLUS, NMTB)
where:

NIND: Number of values in independent table

XTABL: First location of dependent table array

NARAY: Dimension of dependent table array

ENDTBL: First location of independent table

NVLUS: First location of array which contains number of values read as input in
each dependent table of the array

NMTB: Maximum number of tables in the array
Table Formats:
A. Dependent table array may have

(1) one value -- constant table
(2) two values requiring interpolation to expand to NIND values
(3) NIND values where no expansion would be needed

B. Independent table must be in ascending order
Method:

The subroutine will test the NVLUS array fo count the number of expandable tables.
When NVLUS (1) is zero it indicates that there are no more tables.

If there is only one value then the table is constant and the subroutine expands the table
to the size of the independent table putting the value given in the input into all the loca-
tions. In the NIND + 1 location of the table, the program puts a zero to signify that it is
a constant table,

If two values are read into the table, then the subroutine will expand the table to the
proper size by linear interpolation using the ratio between the independent table values.
In the NIND + 1 location of the table the program puts a "1'" to distinguish it as a vari-

le table,
able table D-31



If all the values have been given in the input, then the subroutine will not need to expand
the table but will merely put a '"1'" in the NIND 1 location.

In the event that several cases may be run using the same tables, the program sets all

the values in the NVLUS array to the number of independent table values (NIND). This

eliminates any further expansion when the EXPAND routine is called for the next case.
V1l Error Returns:

A. A negative value in the NVLUS array causes an error message,

B. When the number of values in the NVLUS array is greater than two but not equal to
the number of independent table values (NIND), an error message is printed,
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EXPAND (MIND, XTABL, MARAY, ENDTBL, NVLUS, NMTB)

| TEST NVLUS (1) |

POSITIVE
OR
NEGATIVE
| nop = Mmp | —»| TESTNIND |
POSITIVE
OR
- DO LOOP I = 1,MXTB NEGATIVE
NADD = NADD + NVLUS (I) NARAY = MARAY
e ———
ZERO [ TEST | NEGATIVE MXTB = NMTB
NVLUS (D) NSLSH = 0
NPLCE (1) = 0
S
*PO ITIVE NADD = ©
NSLSH = NSLSH + 1
L NPLCE (NSLSH + 1) = NADD
EQUALS v
CALL ERROR
[ ZERO [ rEsT nsLsH | —COATIVE o) rHERE IS AN
) INPUT ERROR
POSITIVE
| 1=21 |
4
TEST FOR
KSLSH = NSLSH - I+1
Im I+1 — NUMBER OF VALUES
NUMB = NVLUS (KSLSH) N TABLE
ALL VALUES ] TWO VALUES ONE VALUE
NO '
WHOLE TABLE IS INTERPOLATE
s ¢— [N AND MUST BE BETWEEN VALUES E&Tgﬁiﬁgﬁ?ﬁ
I = NSLSH TRANSFERRED TO AND EXPAND CIVEN VALUE
END OF ARRAY THE TABLE

lYES Y 1

TABLES MUST BE
PROPER LOCATIONS ——————® LOCATIONS IN THE —®P{NVLUS ARRAY
IN THE ARRAY ARRAY WITH ZERO WITH ZERO

'

| rETURN |
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GAMA
Calling Sequence:
CALL GAMA (H)
Where H is -At
Routines in Transfer Vector:
NONE

Purpose:

This routine computes the gamma coefficients discussed and defined in Appendix B, Section
IV, The Interface Equations.

The locations of GAMMA (1 - 3) are available for future modification.

TIME STEP
= ?
Y, = 0.0 bt
- Y, = —
Y = -l/at 40t (At + At )
- -(A
Ye 1/:\1;o _ (at_, , ot
Ys T At At
o -1
At .+ 24t
v, = ——= °
6 At (At +
o (ot + oot )
-

D-34




HTBLNS

Calling Sequence:
CALL HTBLNS (IKBLN)
Where:

When IKBLN = 0, means the routine was called from the routine, STARTT and the
initialization of variables is done.

When IKBLN = 1, the initialization is skipped and the best balance equations are com-
puted.

Routines in the Transfer Vector:
NONE

Purpose:

This routine computes the integrated q's and then computes the Q; as discussed and defined
in Appendix B, Section 1X,
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HTBLNS
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INITIALIZATION

|

COMPUTE THE
INTEGRATED q' s
BY TRAPEZOIDAL RULE

"

1
COMPUTE THE Bp FOR
THE EXPLICIT POINTS

COMPUTE g FOR

A CONSTANT
HEAT FLUX

L

FLUX

COMPUTE q FOR A
LINEAR HEAT

J

-

INITIALIZATION

COMPLETE

SOLVE EQUATION

1x0,4

SOLVE EQUATION

COMPUTE THE QI TOTAL

TRAPEZOIDAL VALUE

Y

SET UP VALUES FOR

NEXT TIME STEP




KEFFS
Calling Sequence:
CALL KEFFS (II, MN)
Where:
II = Point counter in body
MN = Point counter in layer
Routine in Transfer Vector:
NONE
Purpose:

Computes the K eff and its Partial derivatives.

1

COMPUTE

keff X.7.5

(keff) T

(o)
effP

's

|

D-37



KFS
Calling Sequence:
CALL KFS (I, MN)
Where:
II is point counter on body
MN is point counter in layer
Routines in Transfer Vector:
NONE

Purpose:

To compute K; and is derivatives. Appendix B, Section X, Pressure Option

|

COMPUTE

K ¢ and its partial

derivatives

e
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INIT

Calling Sequence:
CALL INIT (K)
While:

K = 1, initialization of tables and constants, construct difference tables and store
zeroes in the computed common

K = 2, this block prepares for the next time step, updates the count array, shift
the T, P, DENS, DELTO, SMELT and SCHAR arrays.

K = 3, this block prepares for the next case prints the output and stores zeroes in
the computed common

Routines in the Transfer Vector

ENLARG TNEST
DIFTAB OouTPUT
Purpose:

This routine initializes the arrays and constants for the first time step, succeeding time
steps and for consecutive cases.
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INIT

INITIALIZE
CONSTANTS

!

B
3

ENLARG -
DEPEND
TABLES

UPDATE OR
REINITIALIZE THE
COUNT ARRAY

=

Y

COMPUTE THE
DERIVATIVES OF
™ AND K WITH
RESPECT TO T

SHIFT THE T, P,
AND DENS ARRAYS

Y

CHECK FOR
INPUT ERRORS

CALL
ouUTPUT

!

ERASE
COMPUTER
COMMON

SET
KONVOR (2)
TO 3

SHIFT THE
DELTO, SCHAR,
SMELT ARRAYS

STORE TIE MIN,

(2, KONVOR (2)) }—p»

IN KONVOR (G)




INITB
Calling Sequence:;
BLOCK DATA
Purpose:

To read in constants at load time

|

READ IN PROGRAM
CONSTANTS AT
LOAD TIME
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INTFC
Calling Sequence:
CALL INTFC

Routines in the Transfer Vector

INTPTS DPRESS
TABUP PFFC
TNEST

Purpose:

This routine computes the inter-face and back-face temperatures and pressures as discussed
in Appendix B, Section IV, Numerical Solution of Energy equation in Boundary condition.
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INTFC

INITIATE

LAYER LOOP /

AIRGAP
BACKFACE

‘,
COMPUTE THE
INTERFACE
TEMPERATURE 1
COMPUTE THE
Q OF THE
BACK FACE
ITERATE ON
TEMPERATURE

AIRGAP
LAST LAYER

END LAYER Q OF THE
LOOP BACKFACE

IS ZERO

Y

COMPUTE THE GAS
DENSITY OF THE
BACKFACE OF THE
1ST LAYER
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INTPTS
Calling Sequence:

CALL INTPTS (I, J)

Where:
-1, indicates use the implicit equations
I = o, indicates use the explicit equations
>0, evaluate a point by the implicit eqtjlations
J =

Point to be evaluated.

Routines in the Transfer Vector:

BEE DENSIT

CHARP PRESSM

EMG . TNEST
Purpose:

This routine evaluates the values of the temperatures for the interior points as discussed in
Section IV.
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INTPTS

TEST I INDEX

COMPUTE T
BY IMPLICIT
EQUATION IV, 9

k3

COMPUTE T
BY EXPLICIT
EQUATION IV, 9

COMPUTE INDICES
FOR CIRCULATION
OF ONE OR TWO
INTERFACE POINTS

!

S

COMPUTE T
BY IMPLICIT
EQUATION IV, 9
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MOMENT
Calling Sequence:
CALL MOMENT (XARAY)
Where:
XARAY is the array where the x coordinates are stored in the QUTPUT routine,
Routines in the Transfer Vector:
NONE

Purpose:

The purpose of this routine is to compute the stress calculations discussed in Section II of
the analysis,

Starting at Backface
Find x, for which
>
T x)=2T AB

Evaluate stress
integrals by
trapezoidal

rule
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NSUBT

Calling Sequence:
CALL NSUBT

Routines in the Transfer Vector:
NONE

Purpose:

The purpose of this routine is to calculate the partial derivative of n with respect to time,
The equation is discussed in Section VII of Appendix B.

Compute n ¢

for all layers
in body

Return
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OUTPUT

Calling Sequence:
CALL OUTPUT

Routines in the Transfer Vector:
TABUP
MOMENT

Purpose:

To print out the computed output.

COMPUTE
COORDINATES

Y

WRITE OUT
OuUTPUT
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PBETA
Calling Sequence;

CALL PBETA (II, MN, J, ITM)

Where:
I = point counter in body
MN = point counter in layer
J = layer
ITM = iferation control set in PBETA

Routines in Transfer Vector:
TABUP
KEFFS
RCPEFS
DFINTC
Purpose:

To compute the Beta coefficients for the temperature equation discussed in Appendix B,
Section X, Pressure Option,
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PBETA

COMPUTE PARTIAL
DERIVATIVES NEEDED
IN CALCULATIONS
APPENDIX B
EQUATION X, 11.4

Voo

COMPUTE

APPENDIX B

EQUATIONS
(X.8.4)
(X.8.5)
(X.8.7)
(X. 8.9)
(X.8.14)

I I I I
O W N

-
Y -

COMPUTE THE
COEFFICIENTS FOR THE
PRESSURE EQUATION
APPENDIX B

EQUATIONS
(X.9.1)
(X.9.2)
(X.9.3)
(X.9.4)

oo T o
NN JUN g

i

COEFFICIENTS INTO

TRANSFORM 'b"

8 COEFFICIENTS

TEST QUANTITIES TO

THE INTERIOR POINTS

SEE IF ITERATION
IS NECESSARY IN

YES NO
SET SET
ITTEMP = 1 ITTEMP = 0
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PEMDG
Calling Sequence:

CALL PEMDG (K)

where:

K is a point counter for Front Face determination.

Routines in Transfer Vector

DEE
Purpose:

To compute the mass loss, mg, at the body points

Y

SET UP COUNTERS
AND INDICES

l

COMPUTE "d"
VARIABLES

Y

COMPUTE (g)

Y

COMPUTE

APPENDIX B
Vg EQUATION X.8.3

Y

COMPUTE mg
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PFFC
Calling Sequence:

This is a dummy subroutine and may be deleted if desired by removing the CALL from
INTFC

PMELT
Calling Sequence:

This is a dummy routine and may be deleted if desired by removing the CALL from the
ABLATE routine,
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PHI

Calling Sequence:

Routines in Transfer Vector:

CALL PHI (I, MN)

where:

II is point counter on body

MN is point counter in body

DFINTC

Purpose:

To compute fy and its partial derivatives as discussed in Appendix B, Section X, Pressure
Option.

1

SET UP
COUNTERS
AND INDICES

R

COMPUTE

T,» Tnrs Tm, T,

i

COMPUTE

APPENDIX B

EQUATIONS
fo (X.13.3)
fZﬁ (X.13.4)

fo..  (X.13.5)
for  (X.13.7)
fpr  (X.13.6)
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PRESSM
Calling Sequence:
CALL PRESSM (11, J, N, K)
where:
II is the point counter on the body
J is the layer
N is a dummy variable
K is implicit/explicit indicator
Routines in Transfer Vector:
DPRESS
Purpose:

Routine calls DPRESS,

.

Call DPRESS
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PTX1
Calling Sequence:
CALL PTX1

Routines in Transfer Vector:

CHARP INTPTS DPRESS
BEE DENSIT KEFFS
TABUP EMG
TNEST QNET

Purpose:

The purpose of this routine is to compute the temperature and density of the front face. The
equations are discussed in Section IV and V of Appendix B,
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PTX1

D-56

DO TABLE
LOOK-UP

CALL
INTPTS

CALL
DENSIT

L

COMPUTE THE
FRONTFACE T




PTX12
Calling Sequence:
CALL PTX12
Routines in Transfer Vector:
TNEST
QNET
OUTPUT
TABUP

Purpose:

This subroutine computes the temperature of the body when there would be no distribution
of temperatures through the body. This is done if and only if there is one layer and only
one interior point. The equations are in Appendix B5.
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PTX 12

{

SET UP
CONSTANTS
AND COUNTERS

‘-

COMPUTE
TEMPERATURE

r

COMPUTE
QNET

'

COMPUTE
RATE OF MELT
AMOUNT OF MELT
RATE OF CHAR
AMOUNT OF CHAR
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QBLK

Calling Sequence:

CALL QBLK (QC,

where:

i

QC

HRDHW

i

QBLOCK =

EMV =

HRDHW, QBLOCK, EMV)

convective heat flux
ratio of heat enthalpies
blocking action heat flux

mass loss

Routines in Transfer Vector:

NONE

Purpose:

This routine computes the heat flux due to the blocking action.

in Appendix B, Section II.

The equations are discussed
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QBLK

COMPUTE QBLK
USING LAMINAR
EQUATIONS

T

COMPUTE QBLK
USING TURBULENT
EQUATIONS
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QNET

Calling Sequence:
CALL QNET

Routines in the Transfer Vector:
TABUP
QBLK

Purpose:

This routine computes the heat content of the body. The equations are discussed in Appen-
dix B.
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QNET

!

SET UP
COUNTERS AND

COMPUTE CONSTANTS

¢

¢

COMPUTE QNET
FOR FIXED CHAR
LENGTH OPTION

COMPUTE QNET
FOR GRAPHITE
SUBLIMATION

COMPUTE QNET
FOR REFRASIL
OPTION

DUMMY

COMPUTE QNET
FOR FIXED
MELTING T

!




RCPEFS
Calling Sequence:
CALL RCPEFS (II, MN)
where:
II is the point counter on the body
MN is the point counter in the layer
Routines in Transfer Vector
ERROR
Purpose:

The routine computes (ocp) discussed in Appendix B, Section X, Pressure Option
eff

Compute

°P ot
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RHOFFC

Calling Sequence:

CALL RHOFFC (I, MN, IM)

where:

IT is point counter on body

MN is point counter in layer

IM control for computed GE TO

Routines in Transfer Vector:

NONE

Purpose:

To compute the gas density at the front face, and back-face discussed in Appendix B,

Section X, Pressure Option.

Y

COMPUTE
INDICES AND
CONSTANTS
1 IMP .@
Y | |
COMPUTE COMPUTE COMPUTE
INITIAL F.F. F.E B.F.
Pg Pg P

]
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The XLOC array is the array of coordinates and is computed in the routine RITER. If
Cylindrical or spherical coordinates are computed, then COORD is also used.

For the Cartesian system the coordinates are consecutively increasing through all layers.

Layer 1 Layer 2 Layer 3
| . . ] . | Y I I
| .1 2 .3 .2 .5 .55 .8 |
0 .1

For the cylindrical and spherical the XLOC array represents the actual radial position,
consecutive through all layers; increasing or decreasing depending on the direction of the
heat flux.

The XRAY in the subroutine OUTPUT is the coordinate of each point in the layer, ije.
0o < XRAY < AL' in each layer, Ai'
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RITER
Calling Sequence:

CALL RITER (KON)

where:
KON = 1 = Compute the r values, the x values, and the n derivatives
KON = 2 = Compute only the r values,
KON = 3 = Compute the x values and the n derivatives, -

Routines in the Transfer Vector:
COORD

Purpose:

The purpose of this routine is to compute the r or spacing parameters, the x or coordinates
of the body and the n or spacing derivatives, The equations are discussed in Appendix B,
Section VII and Appendix B2,
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RITER

{

SET UP
CONSTANTS
AND COUNTERS

1ST TIME STEP?

COMPUTE
SPACING
CONSTANTS

e

COMPUTE
F: t’ "’]O, R, R!

Rl

COMPUTE COORDINATES
)%a T]xs "Mxx




COORD

SYSTEM BEING

HEAT
DIRECTION

MODIFY MODIFY
X COORDINATE X COORDINATE
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STARTT
Calling Sequence:
CALL STARTT

Routines in the Transfer Vector:

QNET TNEST
DPRESS CLPOLY
TABUP CHARP
HTBLNS

Purpose:

The purpose of this routine is to compute the initial temperature, density, and gas density
distributions. The equations are discussed in Appendix B, Sections VI and IV.
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STARTT

'

SET UP
COUNTERS &
CONSTANTS

Y
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LOOK UP
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TEMPERATURE

COMPUTE
QNET +
INITIAL Q
ARRAY

CONTROL <0

'

COMPUTE THE
STARTING
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y

COMPUTE THE
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BALANCE

COMPUTE
FRONT FACE
TEMPERATURE
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TABOUT
Calling Sequence:

CALL TABOUT

Routines in the Transfer Vector:

NONE
Purpose:

To point out the input tables,

|

WRITE OUT
INPUT




TABUP

I Title: Table look-up

II Type: Subroutine

IO Calling Sequence:

CALL TABUP (TABIND, TABDEP, VARIND, VARDEP, NENTRY, KIN)

Where:

TABIND:
TABDEP:
VARIND:
VARDEP:
NENTRY:
KIN:

IV Table Formats

Location of independent table

Location of dependent table array

Location of independent variable

First location of dependent variable answers

Number of values in independent table

Numerical code for dependent table look-up

1. Positive sign means one table look-up. Numerical value deter-
mines number of table in dependent table array from which to ob-
tain dependent variable answer.

2. Negative sign means there may be more than one table look-up,
Numerical value determines number of tables starting from the f
first table in the dependent table array on which to perform a table
look-up.

A. Dependent Table Format

Each table consists of NENTRY + 1 values, The last value in the table (NENTRY +
1 element) must be either a zero or 1

0 = means dependent table is constant

1 - means there is a variable dependent table

All the tables are read into the same array using Hench's input formal,

B. Independent Table Format

Array must be in ascending order

V  Method: If table is constant, the value in the table is stored immediately in answer

array.

For a variable table, the location of the independent variable in the indepen-
dent table is determined. Linear interpolation is used in the independent table
or tables specified by the "KIN" element in the calling sequence. If the inde-
pendent variable should fall outside the table range, there will be an error
print out,
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TABUP (TABIND, TABDEP, VARIND, VARDEP, NENTRY, KIN)

KAY = KIN

TEST
KAY

POSITIVE

ONLY ONE
TABLE LOOK-UP

lN EGATIVE

MORE THAN
ONE TABLE LOOK-UP

KAY =1

LL = - KAY

POSITIVE

> DO LOOP
JC = 2,NENTRY

EQUALS

| TEST
| VARIND - TABIND @)

POSITIVE

CONTINUE

NEGATIVE

CALL ERROR
VARIABLE ABOVE TABLE

INTERPOLATION NEEDED

[(RETURN Je——

— DO LOOP J = 1;LL

.

— LL =1

l TEST TABLE RANGE

TEST

VARIND-TABIND (1)

EQUALS

ZERO
| JC=1 l

EXACT
VALUE

LLL = (NENTRY + 1) * J * KAY

TEST

CONSTANT
EQUALS VALUE
zEro [ varbEp @) -

TABDEP (LLL)

Y

TABDEP (LLL - 1)

POSITIVE
OR NEGATIVE

[ N= @+ NENTRY) ¥ KAY +J - ) +3C |

¥

EXACT VALUE

VARDEP () =
TABDEP (J)

TEST EQUALS 1
MM
EQUALS 2
INTERPOLATION
M=N-1

DIV = TABIND (JC) - TABIND (JC -1)
TERM 1 = VARIND * (TAB DEP (N) - TABDEP (M) )
TERM 2 = TABIND (JC) * TABDEP (M) - TABIND (JC-1)
VARDEP (J) = (TERM 1 + TERM 2) / DIV

CONTINUE

g
-
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TNEST

Calling Sequence:
CALL TNEST X, Y, E)
Where:

X = Computed guess

The initial guess for the first time through; after this, it is a floating point
control to signify convergence or non-convergence

Y

E = The convergence criterion

E -, Indicates first time through TNEST for any particular iteration

3

E +, Indicates after first time through TNEST for any particular iteration.

Routines in the Transfer Vector:

NONE
Remarks: Iteration control for this routine is external. A fixed point Y is interrogated
by a computed go to, upon returning from TNEST.
KY =1, indicates convergence
KY = 2, indicates non-convergence
KY = 3, indicates non-convergence for 50 tries and re-try the first 15
attempts.
Any printout referring to variables used in computation is external to TNEST.
Purpose:

This routine solves the equation x - f(x) using the equations and methods described in
Appendix C3.
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TNEST

INITIALIZE

ZERO OUT
THE ARRAYS

INITIALIZE
ARRAYS, SET
ITERATION
INDEX TO 2

ITERATION
INDEX TO 1
RESTORE ARRAYS

@)

O,

SET IT.
INDEX TO
1

!

RESTORE
ARRAYS

GET MAX &
MIN OF
GUESSES

RESTORE
ARRAYS

MONOTONE

€=

SET ITERATION
INDEX TO 1.

RESTORE ARRAYS|

GET AVERAGE
OF GUESSES

SET ITERATIONS
INDEX TO 2.

—

RETURN

GET AVERAGE
OF GUESSES

!

INCREASE
ITERATION
COUNTER




TNEST

ITERATIONS

RESTART
PROCESS

FOR FIRST
FIFTEEN TRIES

STORE
VARIABLES
IN LIST

'

SET ITERATION
INDEX TO 3
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WDP
Calling Sequence:

CALL WDP (II, L)

Where:
II = the nodal index
L = the layer

Routines in the Transfer Vector:
TABUP
Purpose:

To compute the w of the node. The equations are discussed in Appendix B, Sections IT and

' |

SET UP
COUNTERS

Y

COMPUTE COMPUTE
Wp FOR Wp FOR

MULTIPLE SINGLE

REACTION REACTION
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APPENDIX E

USER'S MANUAL FOR THE

ONE DIMENSIONAL HEAT CONDUCTION PROGRAM



SECTION I - PROBLEM DESCRIPTION
The "One Dimensional Heat Conduction Program'' is programmed in the FORTRAN IV
language and for the I, B. M. 7094 digital computer.

The program solves the general parabolic differential equation

2
=B T__+B(T) +
T o T By (T) T B

+
t 1 Tx B4

3

The mathematical derivations are found in the preceding appendices.

The remaining pages of this section concern themselves with a general flow chart of the
program.



—

11.

12,
13.

14,
15.
16,
17.

18,
19,
20,
21.

22,
23.

24,
25,
26,
27.
28.

FLOW CHART OF THE ONE DIMENSIONAL HEAT CONDUCTION PROGRAM

Read in input.

Do initialization procedure:

a., Expand tables

b. Store constants

c. Start counters

Print out input.

Set up initial spacing in the first layer.

Compute the n,'s.

Compute the starting T's, o's, and pressures.

Compute the At,

Compute the vycoefficients.

Calculate the point to start the explicit computation.

Check to see if you are past the stop time:

a. YES - Skip to 34

b. NO - Continue on

Check if this is a thin skin run:

a. YES - Call routines for thin skin computations and skip to 32

b. NO - Continue on

Calculate the densities explicitly.

Check for pressure computation:

a. YES - Do pressure calculations, and continue on

b. No - Continue on

Calculate the temperatures of the interior points by using the explicit scheme.

Set up the spacing for the time step being computed.

Compute the amounts melted and charred.

Check if this is a charring run:

a. YES - Compute mg and go to 18

b. No - Continue on

Compute the rates of melting.

Set up the constants for iteration on the rate of melt if necessary.

Compute the At for the iteration.

Check to see if there was a change in At,

a, YES - Compute the vy coefficients and return to 12

b. NO - Continue on

Compute the n_'s.

Check if iteration of the rate of melt is necessary on the explicit points only:

a. YES - Compute the interior points explicitly, calculate the frontface T and
the rates of melt and char then return to 22

b. NO - Continue on

Compute the interior points implicitly.

Compute the values for the inter—faces.

Compute the values of the air-gap, if there is one.

Compute the T, p, and pressure of the frontface.

Compute the rates of melting and charring,



29,

30,
31.
32,

33.
34,

Check to see if iteration is necessary due to rate of melt:

a. YES - Return to 22

b. NO - Continue on

Calculate the heat balance check.

Print the output.

Check to make sure that the entire length is not charred or melted away:
a. YES - Job completed, go to 34

b. NO - Continue on

Initialize for next time step and return to 7

Run is completed. Initialize for new case and return to 1

s



3
Charring?
Initialization
Logic Option
Test No
Compute Gas
Mass Gengration
Normal Rate = M
Heat 9
Conduction I
Logic N
\
Compute Rate of
Compute Melting
Thin Skin
Compute T
Densities
Explicitly
69 Tteration On
At
Calculate
Pressures
54
Compute
i
Iteration On
Rate of Melt
Compute Explicit
Pressure
Vari=hles
Compute T
Using Explicit
Scheme Compute T's
; Implicitly
Compute
Spacing
Parameters Airgap?
Compute the
Amount Melted
Compute
and Charred N
Air-Gap
Quantities
I .
y
Compute
Interface
Values
56
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56 l

Compute Front
Face T

Y

Compute Rates
of Melting
and Charring

Iteration
On
Rate of Melt

Compute
Heat
Balance

L _

!

Print
Output

69

Run Is
Complete

Entire Length
Melted Away?

Initialize
for Next
Time Step
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SECTION II-A

GENERAL DESCRIPTION OF INPUT FOR THIS PROBLEM

For this particular problem, all of the input except the Hollerith identification card is in
table form.

Single value inputs are grouped into pseudo tables and the values acquire their identity by
storing them in specific locations.

All independent tables must be in ascending order.

The dependent tables may be read into the machine in one of three ways: one value, two
values or an entire table. If one value is used, the program assumes the table to be con-
stant and fills it in according to the number of entries in the independent table. If there
are two values, the program interpolates to fill in the table, Any amount over two is
assumed to be the entire table, so the data items are just stored in core as they are on the
input card,

If there are several tables under one table name, as in TTABL, a comma is used to
separate them. The comma is also used to separate the tables dependent on layers. The
tables are as follows:

ATETB, CTABL, GASPR, HTABL, PROPT, TTABL, ZORET
The tables need not be in any specific order when they are read in, except if the number of
input items exceeds one card (then these cards must be in proper order, but not
necessarily consecutive), also only the tables that are necessary need be read in.
In running consecutive cases, only the tables that change need be read in, for the cases
that follow the first one. When the machine encounters a table name, it stores the new
table over the old input, If certain values were numbers in the first case and are to be
zero in the second, it is best to read in the zero for the second case,
One must keep in mind if data is to be retained for the second case.

Only the tables that are changes must be read in along with a new I. D. card.

Over thirty tables may be read in as input, Normally, one does not need to use every
table, due to one's choice of options,

The next few pages list each table and give brief summaries of their contents,
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SECTION I1I-B

This section indicates what variables are punched or included in each individual table or
card, At the NASA-LEWIS Research Center, the input is entered according to the
specifications of the input routine by John MacKay described in Section 5 of the
NASA-LEWIS Research Center LR94 Monitor Programmer Reference Manual, dated
8/18/64.

ook skofok ko ok

The first physical card of the input must be a Hollerith Alpha-numeric identification card.
Columns 1 through 72 may be used.

The second group of cards must be the group of cards forming TABLN or the group of
cards with the array names,

Immediately before the TABLN cards, a $D=1 card must follow, the $ being in column one,
Then the array data cards may follow,

The last physical card of the input deck may either be a $END or a $DATA card; either
will terminate the reading of input.



GENRL TABLE

The GENRL table includes options, constants, and variables which would not conveniently
fit into any other table, hence a general table.

This table has a dimension of 20. However, not all of these locations are used at present.

GENRL (1)

GENRL (2)

GENRL (3)

GENRL (4)

GENRL (5)

GENRL (6)

GENRL (7)

GENRL (8)

GENRL (9)

GENRL (10)

GENRL (11)

GENRL (12)

E-10

t

t

At

int

—A

Initial time to start run.
Time to stop run,

- At analytic solution assuming jump heat flux used to time
t0 + ot

+ At analytic solution assuming linear heat flux used to
time to + At

Initial starting temperature,

This entry affects the first entry in the TTABL table.
For the first TTABL entry to be the:

A, Convective Heat Flux: (.lc -- enter a zero.
B. Film coefficient: q /Ah =~ enter a plus one.
C. Frontface T: TW —= enter minus one.

Total number of layers.

1. = 5th TTABL table is the backface T,
0. = 5th TTABL table is the backface q .

A zero

+r_ o Cylindrical Coordinates radius in ft,
0 > Cartesian Coordinates
T = Spherical Coordinates radius in ft.

0 q direction is the normal one from the outside toward
the center

1,0 q direction is from the center to outside

0 output dimensions in ft,
1. 0 output dimensions in inches,

The number of ordered pairs of Z and E for the
multiple reaction equation,



THIKN TABLE

This is the table for the thickness of each individual layer. The table has a dimension of
ten (10), (i.e.,one entry for each layer). All thicknesses should be in feet.

DENSE TABLE

This is the table for the initial density of each layer, The table has a dimension of ten (10),
(i.e., one for each layer,) All densities should be in 1b/£t3,

For an air-gap run, the Cp for the air-gap instead of the density, is entered on this card,

PTSIN TABLE

This is the table for the interior points of each layer. The table has a dimension of ten
(10), (i.e., one entry for each layer), The maximum number of points for all ten layers
is 149,

The program tests each entry because:

a. A zero in the appropriate layer entry is used to indicate the air-gap layer.
(Please bear in mind that the air-gap may not be the first layer, and that the
AGPTB card must be used,)

b. A one in the first entry, for one layer only, determines the temperature and
El‘ne ¢ for a thin skin with little or no temperature gradient.

RESTRICTIONS AND CHARACTERISTICS OF THIS COMPUTATION

1. There may be only one layer of material,

2. There is no charring,

3. The conductivity of the layer does not need to be read in.

4. This option of the program should be used if the differences in T are in the
third to eighth significant digits, otherwise the normal program may be used
with appropriate adjustments to At, Ax, and the EPTAB table.

5. All other input is normal.

c. A number greater than one in the first entry means that the general heat conduc-
tion program will be used.
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DTIME TABLE

This table enters up to ten (10) At_, which are chosen by the user and ten (10) cut—off
times (i, e., one for each At ). T?le entries are alternated AtO, tO, Atl, tl’ ese At , t
with the At followed by its corresponding cut-off time. oA

One does not need to use all of the At's, If one or two changes in At will do your job, then
you only need enter one or two At's, Any entries that are ignored will be assumed to be
Zero.

DTIME (1) =At 1 = First increment of time used
DTIME (2) = t1 = Cut~off time for At 1

DTIME (3) = At 9 = Second increment of time used
DTIME (4) = tz = Cut-off time for Atz

DTIME (n-3)

= Atn 1 = (N-1) increment of time used
DTIME (n-2) = ¢t = Cut~off time for At
n-1 n-1
DTIME (n-1) = Atn = Final increment of time used
DTIME (n) = tn = Cut-off time for Atn
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SPACE TABLE

The space table controls the spacing of points in the first layer. If uniform spacing is
desired, please leave card out of run. If spacing as a function of time is desired, then
space (1) must be a one,

SPACE (1) = Option Space

SPACE (2) = ™ = Degree of Squeezing at time = 0,

SPACE (3) = Ng = Degree of Squeezing at tl.

SPACE (4) = Ng = Degree of Squeezing at final time,

SPACE (5) = t, = Time for Ny to take effect.

SPACE (6) = C = Factor to increase squeezing at the backface (0 <C < 8),

If squeezing is desired, it must be kept in mind that the squeezing is toward the frontface,
if Ny M and ng are greater than 1, 0 and toward the backface, i.fnl, nzand Ng are less

than 1. 0 but greater than zero. Normally, the squeezing is less than 8 to 10. Again,
quantities not entered will be assume to be zero,

If constant squeezing is desired for the entire run, just fill in SPACE (1) and SPACE (2).

Please refer to Appendix B for a discussion of the transformation used.,
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OUTTB TABLE

The OUTTB table controls the frequency of the print-out. The OUTTB table has a dimen-~
sion of 25. The first 18 locations are taken up by the alternating sequence of time step per
print-out, followed by the cut-off time, OUTTB (19) is the option for the heat balance
calculation at equally spaced points.

OUTTB (1) = fl = Time step per print-out.
OUTTB (2) = t:1 = Cut-off time for fl.

OUTTB (3) = fz = Second time step per print-out.
OUTTB (4  =t, = Cut-off time for f,.

OUTTB (15) = f_ = Eighth time step per print-out.

OUTTB (16)

I
o+
I

Cut—off time for f8.
OUTTB (17) =f_ = Final time step per print-out,
OUTTB (18) =t = Cut-off time for f9.

OUTTB (19)

Option for heat balance calculation. The heat balance
calculation checks how the T distribution is behaving, It does
not have any effect on any computations, If (on the output)
"INT QNET" and QI TOTAL" are close to each other, then the
T distribution is behaving well, If they are not close, check
for oscillations or some other perturbation,

A zero means the program performs the calculation. A one
tells the program to skip the computation,

OUTTB (20) = Option to print temperatures at equally spaced points in the
first layer. This is helpful, if there is squeezing, or melt-
ing,

A zero indicates to the program to print the temperatures.,

A one indicates to the program to skip the calculations and
this part of the print-out.
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HORA TABLE

The HORA table is the independent time table and has room for 50 entries, The only
table dependent on the HORA table is the TTABL., The description of the TTABL is on
the following page.
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TTABL TABLE

The TTABL TABLE is actually one large table made up of several smaller tables, each of
which is dependent on time,

One must be sure to check the options in GENRL (5), GENRL (7), and TMELT (1).

1, Dependent on GENRL (5), but whatever option the entry is entered as one table.
.a. GENRL (5) = 0., then the entry is convective heat flux ( § ).
b. GENRL (5) = 1., then the entry is the film coefficient (q / Ah).
¢. GENRL (5) = -1,, then the entry is the frontface temperg.ture (TW).

2. h (BTU/LB), or T, (°R) entered as one table, If TTABLE 2 is T . (recovery

témperature) then CP in HTABL must be set equal to 1, 0 for all values of
temperature, 61

3. (.lhgr (BTU/’fl::2 sec), entered as one table,

4, If TMELT (1) = 2, this array is P (psf) the static pressure at the edge of the
boundary layer. For all other values of TMELT, this array is empty,

5, Backface T or q if desired, entered as one table, (Check GENRL (7).)

6. Empty array, entered as 0,0, except when the refrasil or the fixed melting
"I option is used, It then is p L (BTU/ ft3)

7. The following are entered here, depending on TMELT (L):
a, TMELT (1) =1, the array is the specified char length (Scm)

b. TMELT (1) = 2, the array is the K. constant for the sublimation equation
c. TMELT (1) =r, the array is the T~ (dimensionless) of the fixed melting
"T" option.

Otherwise, the array is empty and entered as a 0,0,
8. The following is entered here, depending on TMELT 1):

a, TMELT (1) =1, the array is a derivative of TTABL (7). If the array is
entered as a zero, the program will compute the S'em

b. TMELT (1) = 2, the array is the K, constant for the sublimation equation,

9. An empty array,

10. An empty array.
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WARM TABLE

The WARM table is the independent temperature table for the H of® Cpg’ Hcg’ M, C, K,

p
dK/dT, C s €E.s C L. It allows up to a maximum of twenty (20) entries,
Pp, & P

GASPR TABLE

This, too, is a composite table made up of the following individual tables, (Each table
is again entered in its entirety, before entering the next table):

i. H of Heat of Gas Formation (BTU/LB)
2. Cpg - Specific Heat of Gas (BTU/LB °R)
3. Hcg - Latent Heat of Cracking (BTU/LB °R)

4, M - Average Molecular Weight

PROPT TABLE

This is also a composite table made up of the following:

1, cp - Specific Heat (BTU/LB °R)

2. K - Conductivity (BTU/ft sec °R)
3. dK/dT - Derivative of K

Now, since the properties may vary with different layers, one must not only separate the
individual tables, but also separate the tables by layers.

For layer 1, read inall the values of the C_ table, then all the values of the K table and all
the values of dK/dT and then follow the safe procedure for all the layers following,

If one wishes, the dK/dT table can be computed by the machine, This is accomplished
by entering a zero for the dK/dT table for each layer,

For an air-gap run, it must be remembered that the o of the air-gap as a function of

temperature must be read in the part of the table that normally the C would go into, and
the Cp of the air-gap is entered into the DENSE table in the approprifte location.
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CTABL TABLE

This is a temperature dependent table of the boundary condition, p Cp L (BTU/ft2 °R),

for each layer, It can be visualized as a very thin layer of material attached to the
previous layer, The p is the density of the thin layer, the Cp is the specific heat and L

is the thickness of the layer.,

HTABL TABLE

This table is a composite, temperature dependent table made up of the table of Cp

bl
specific heat of boundary layers gases and ¢, (the product of surface emissivity and
configuration factor between the point radiating and the sink).
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CHART TABLE (X there is no charring, this table is to be deleted)

This is the table of the char properties, Only the first layer is allowed to char,

The options are as follows:

A, Non-Pressure Dependent
Chart (1) = 1,
Chart (2) = p, Density of char
Chart 3) = n Order of reaction
Chart (4) = t; (Trip time for R, ) - time after which boundary layer is
turbulent
Chart (5) = Ny Parameter for Ky
Chart (6) = C; Parameter for K,
Chart (7) = Ng Parameter for Cpy
Chart (8) = Cg Parameter for Gy
m
__2 . . ° .

Chart (9) m Constant for laminar flow in Y lock equation

10) = i in ¢ i
Chart (10) Pr Constant for laminar flow in %Y lock equation

1) = in & i
Chart (11) C T Constant for turbulent flow in % lock equation
Chart (12) = &  where: .

tm
X, =/(;(——_g—) dt+ , x, =15% point still at .97 (oy )
Pop ~ %o b

= - + 5
and Sc (1-5) X X,

0<38 <1
Used with the specified char length option,

pP=p 1
where: c
: = (1- +
Ka (! Cl) C1 (p >

w e
p=p N
= - -+ e Pe
Coa (1-C,) 02( : )
o~ %

If it is desirable for the K of the material to be the same as the K for the char, it is

recommended that C1 = 0 and N1 = 1,

E-20



If it is desirable for the Cpa of the material to be the same as the Cpa for the char, it is

recommended that C_ = 0 and N2 = 1,

2

The n is used in the following:

Notice that the quantities Z, E are introduced here,

ZORET table,

w (57)

vpP

@ _g/RT

e

These quantities are entered in the

B. Transient Pressure Option (The previous CHART Table is replaced with the follow-

CHART (1)
CHART (2)

CHART (3)
CHART (4)
CHART (5)
CHART (6)
CHART (7)
CHART (8)
CHART (9)

CHART (10)
CHART (11)

CHART (12)

where:

ing)
=2
=P, Density of char
=n Order of reaction
=t (Trip time for Re : Time after which boundary layer
is turbulent).
= & Final porosity
=T Gasification factor
=m Parameter for k/E 1<m < 3
= ;;C Density of char based on actual char volume
= my/m; Constant for laminar flow in Y lock equation.
= Pr Boundary layer gas Prandtl number
=C T Constant for turbulent flow in g block equation
= = Virgin plastic densi
Py = Pup gin p ty

e
pvp
k -1

e J(m-1)
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In addition to the above CHART Table, a PVAT table and a new PROPT Table are
required for the pressure option,

PVAR Table

PVAR (1)

PVAR (2)

PVAR (3)
PVAR (4)

PVAR (5)
PVAR (6)
PVAR (7)
PVAR (8)
PVAR (9)
PVAR (10)

=K
g

Il

L -1

PROPT Table

PROPT (1)

PROPT (2)

PROPT (3)

Il

1l

K

(¢

Q1!

o]

Q

Q!
=

&

-

Average thermal conductivity of the ablation gases

Average thermal conductivity of the char

Average thermal conductivity of the virgin plastic
Average specific heat of the ablation gases

Average specific heat of the virgin plastic
Average specific heat of the char

The final permeability constant
ft - 1b

Ib. mo. °R
Average molecular weight of ablation gases

1545 Universal gas constant

Average viscosity of the ablation gases.

The enthaply of the ablation gases

The internal energy of the char

The internal energy of the virgin plastic

When utilizing the pressure option, only one layer may be considered,

TDENS Table

This is the independent density table for the collision frequency (Z) and the activation

energy (E) used in:

w
p

Pup

- (n.)
Z o [p oc} 1 . -E/RT

This table is not needed for a multiple reaction case.
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ZORET TABLE

This is a density dependent composite table made up of Z (collision frequency in 1 /sec.),
E (activation energy in BTU/lb, - mole).

Please keep in mind if a temperature is specified in GENRL (4), that the units of T must
agree with the units of R in the above equation.

For a multiple reaction case, we change the format of the table and set it up as follows:

ZORET A

Exye 1=N=y4
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TABLE FOR AIR~-GAP PROPERTIES

AGPTB TABLE

This is the table for the air-gap properties, This table must be included for an air-gap
run., The entries are as follows:

AGPTB (1) = J = Layer Number (1 <J < 10) of the air-gap
AGPTB (2) = Fe = Emissivity factor

AGPTB (83) = Fa = Radiation veiw factor

AGPTB (4) = Effective area times conductivity of spacer rod

AGPTB (5) = Viscosity

AGPTB (6) = Vertical height

AGPTB (7) = G1 = g at zero
coefficients for a parabolic
AGPTB (8) = G, = g at mid-point curve fit for g
AGPTB (9) = G3 = g at end point
AGPTB (10) = EM exponent of X/L = ,11
AGPTB (11) = Trip Grashof number = 2, OE5
AGPTB (12) = Coefficient for GR trip = .2
AGPTB (13) = Coefficient for GR trip = ,071
AGPTB (14) = Exponent for GR trip = ,25
AGPTB (15) = Exponent for GR trip = .33

If your values for the air-gap entries 10 through 15 coincide with those in the table, you
only need enter your values for AGPTB entires 1 through 9.

It must be remembered that for the air-gap layer, the density is a function of temperature
and should be entered in the PROPT TABLE where the Cp would normally go, and since
the Cp of the air-gap is essentially constant, it is put in the appropriate place in the

DENSE TABLE, If there is no air-gap, please delete the AGPTB TABLE and ignore the
above paragraph.
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CRITERIA TABLE

EPTAB TABLE

This is an epsilon or criteria table for various tests:

EPTAB (1) = ¢ to increase At =,2
EPTAB (2) = Inoperative at this time =,01
EPTAB (38) = ¢ for frontface T =,0001
EPTAB (4) = ¢ for air-gap T =.,0001
EPTAB (5) = ¢ for interior T's =,0001
EPTAB (6) = ¢ for rate of melt =,01
EPTAB (7) = ¢ for density =,0001

EPTAB (8) = ¢ for maximum Smper time step = 0,0

If these values are acceptable to your problem, the table may be deleted since it is read

in automatically.
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MELTING OPTION TABLE

TMELT TABLE

This is a table of the melting options and parameters,
0 NO MELTING
1 SPECIFIED CHAR LENGTH
2 GRAPHITE SUBLIMATION
TMELT (1) = OPTION
3 REFRASIL
4 OPEN

5 FIXED MELTING T

It seems simpler to take each option separately and define the second to eleventh entries
for this table., This is done on the following pages.

TMELT SPECIFIED CHAR LENGTH OPTION

ENTRY SYMBOL DEFINITION
TMELT (1) 1 OPTION CONTROL
Other entries are entered into the TTABL.
TMELT GRAPHITE SUBLIMATION
ENTRY SYMBOL DEFINITION
TMELT (1) 2 OPTION CONTROL
Other entires are entered into the TTABL.

TMELT REFRASIL

ENTRY SYMBOL DEFINITION
TMELT (1) 3 Option Control
TMELT (2) B1 . Factor used in rate of melt
TMELT (3) B2 Exponent of wall temperature
in rate of melt
TMELT (4) B3 Factor in exponential term
Bs - B3/Ty, in rate of melt,

Rate of melt=8", = By T, e
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TMELT FIXED MELTING T

ENTRY SYMBOL DEFINITION
TMELT (1) 5 Option Control
TMELT (2) TM Melting Temperature
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STVAR TABLE

If the moments and stresses are being calculated, one indicates moments and stresses
are to be computed. Zero means skip computation,

Then:
STVAR (1) = 1
STVAR (2) = Tref = Reference temperature for a T table
STVAR (3) = Tab = T for which E (T) = zero

DGREE TABLE

This is the independent-temperature table, with a dimension of 20, for the ATETB Table.
ATETB TA]?LE

This is a composite table made up of the thermal stresses ( « T) for each layer, the
derivative of the thermal stresses (o T)', The E-modulus (E) and the derivative of the

E-modulus, (E'").

The table is temperature dependent with the temperatures being stored in the DGREE
table,

The table is used for the calculation of the moments and stresses; if you are not compu-
ting these, please delete this table,

The input is set up as follows:

(aT)s (@ T, E, Bl (T (aT)b, By By one,

(¢ , (aT)' , E , E'
where the subscripts represent layers,

* The last physical card may be either $DATA or $END
with the $ being in Column 1.



In order to provide the user with the flexibility, discussed in the beginning of Section IIA,
we need to know the number of entries in each independent table, (i,e. WARM, DGREE,
HORA AND TDENS) and also the number of entries in each dependent table or the number
of entries of each sub-table of the pseudo tables (i.e. PROPT, CTABL, HTABL, GASPR,
ATETB, TTABL, ZORET). The following convention is followed: the bookkeeping cell or
array is named by prefixing the counted array by the letter N, hence the bookkeeping
cell for the independent temperature array, WARM, is NWARM and the bookkeening array
for the dependent PROPT pseudo table is NPROPT. The cells and array are listed below
along with the associated table and dimensions,

BOOKKEEPER DIMENSION COUNTABLE

CELL OR ARRAY ARRAY
NWARM 1 WARM
NPROPT 30 PROPT
NHTABL 2 HTABL
NCTABL 5 CTABL
NGASPR 5 GASPR
NHORA 1 HORA
NTTABL 10 TTABL
NDGREE 1 DGREE
NATETB 20 ATETB
NTDENS 1 TDENS
NZORET 4 ZORET

The arrays need not be entirely filled, Only as many entries are filled as sub-tables
used.,

Only those arrays that are necessary to solve the particular problem need be read in; i.e.,
if there is no charring you need not read in the NGASPR, GASPR, NTDENS, TDENS,
NZORET or ZORET arrays.
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SECTION In-C

On the succeeding pages are examples of input for the jobs mentioned in SectionIV.

This input is the card image.

Please note that the input cards are mixed (i.e., if you take the input form as a standard),
and that this does not impair the run.
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SAMPLE INPUT FORMAT
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$DATA
»D=1
$TABL Ny 1=CHART ,26=GASPR,131=TDFENS,151=703FT.260.=NATETR,280.=NCTABL,
JBS5e=NDGRECy2Z86e=NGASPR,2G1 ¢ =NHORA$292.=NHTABL 4294.=NNU,300.=NPROPT,
330.=NTDENS;331.=NTTABL,341 ,=NWARM,342.=NZ20RET,346=TMELT,371=TRAJT,
306=AGPTB,42i=UENSE.+431=DTIME ,456=EPTAB,466=GENRL,491=0UTTB,+516=PTSIN,
 526=SPACE.536=THIKNs546=PVAR, 596=CTABL+826=HTABL,848=PROPT,14783=WARM,
1498=HORA,1548=TTABL,2208=ATETB,2778=DGREE,3298=NU,3808=STVAR
DENSE=62,
DT‘MEz.L,}.O'oZ,lOO,
_ GENRLFD;ﬁQ’Al3530’-l;‘.;_l;._
DUTTB=.01,1,1,100,
__PTSIN=13,
THIKN=.0078,
HTABL =.244 .8,
NHTABL=1,41,
- NPRUPT=1,1,1, —
NWARM=C
—. PROPTzolf' .BE-Q'Q;.
WARM =523,70C0.
HORA =0 3.2%93252a822410,:,0,3G,337,50460, .
NHORA=1.1|
NTTABL=ll’l;lalalL’l'lo -
TTABL=530,632,690,727,790,833,874,931,971+961,952,0+0,0,
£30453095304530653095629597,624,642,665,581,
Cs90025,
CHART =141 7226414041,04140s1s,72,1,
GASPR=5004.6C040930,0,
NGASPR=l.l:l:1.l: L. - - . A
NTDENS=2,
NZORE]-:l'}..
TOENS=1,1000,
__IORET=.106F13,.463E5, .
TMELT =1,
$END

TEST CASE 1. FRONT AND BACK-FAZE T READ IN WITH CHARRING.




$DATA

TEST CASE 2 FRONT AND BACK-FACE T CALCULATED WITH CHARRING.

$0=1

$TABLN, 1=CHART ,26=GASPRs»131=TDENS,151=203ET,260.=NATETB,280.=NCTABL,

285 ,=NDGREE+286¢=NGASPR, 291 .=NHORA,292.=NHTABL 294«=NNU,320.=NPROPT,
3304=NTDENS,331,=NTTABL,341,=NWARM;342,=NZORET,346=TMELT,371=TRAJT, —
396=AGPTB,421=DENSE,431=DTIME ,456=EPTAB,466=3ENRL,491 =0UTTB,5156=PTSIN,
526=SPACE,536=THIKN,546=PVAR, 5956=CTABL+805=HTABL,848=PROPT,1478=WARM, ___

1498=HORA,1548=TTABL,2208=ATETB,2778=DGREE,3098=NU,3808=5TVAR

_ DENSE=62,

DTIME=.1,10yo2|1009
GENRL=Q|60.-;1153010111
GUTTB=.4+80419+490,1,100,

0'0:0'QQD;D’QQO;DQQQD.O)OcO’l9.6;3;

PTSIN=£5,
THIKN=,015,
HTABL=.244.8,
NHTABL=1,1,
NPROPT=1,1,1,
NWARM=2,
PRDPT=.4'.3E‘4101

_WARM .=529,7000, _

HORA =Q’37.8'100'
NHORA=3,
TTABL=5.5,1000,0101010v-0025!

CHART=1;12.4,1:20;0,0:0:0-11-72111

GASPR:5001.69093090'

. _NGASPR=142413141

NTDENS=2,

NZORLT=1s1,
TDENS=.,1000,
ZORET=.106E13,.463E5,
TMELT =1,
ﬂllAﬁLii;l;l;l;l;l;lsos
$END
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gﬁATA TEST CASE 3  AIR-GAP WITH CONSTANT MELTING T AND NO CZHARRING.
$TABLN, 1=CHART,26=GASPR,131=TDENS,151=203ET,260.,=NATETB+280.=NCTABL.,
£85«=NDGREZ ) 286.=NGASPR291 +=NHORA,292.,=NHTA3L y294.=NNU,300.=NPROPT,
330,=NTDENS331.=NTTABL234l.=NWARM2342.,=NZORET+346=TMELT:371=TRAJT,
396=AGPTB,421=DENSE431=DTIME ,456=EPTAB,466=GENRL+491=0UTTB,516=PTSIN,
_ 526=SPACE,536=THIKN,546=PVAR, Z96=CTABL806=HTABL,848=PROPT,1478=WARM,
1498=HORA,1548=TTABL,2208=ATETB,2778=DGREE,3398=NU,38038=STVAR
_ D=1
GENRL=09280+91+560+0,3,
TMELT=5,1100.
THIKN=.0165, .00833,.1,
__ PTSIN=1949.30a.»
DENSE=71.2+138.5,.24,
M_DTIME=1;2254;1251235,112851
QUTTB=10,100,20,+280,

HORA= (930460+90,120,14C,+1604+280,200,21042150220+225+230+235,2452250, .
2604927542804,
— NHORA=Z20,.

TTABL=0490e900+101992.3595610911¢9919.8427e4338.1,4843,53.155443,55,2,
_ TTABL=53.3451.2+140,10247646535.631.79,0,

53¢3551e24,1404102976.693546+1.7950»

- 0 35000

NTTABL=1,1,20,1,1,1,

CHART=u.s1.E-5,

WARM=450,960,1960,5000,

NHARM=4: . - .

PROPT=.4:.4&’4000104'-196E’41O".09'QO410021|0021,¢3E’5105E-5)012E'4'
_ alZE-4,0., o

NPROPT=191l9lysleleleéqsbsly

CTABL=0.,.0257,.0257,

NCTABL=1,1,1,

vAGPTB=3l"66’1."00000738’0‘!1‘

$END

E-36




SECTION IV - TIMING

For a program with as many options as this one, estimating a running time for production

runs could very easily degenerate into a guessing game.

A few jobs are outlined below with their running times so that at least an educated estimate

may be made.

JOB NO. DESCRIPTION RUNNING TIME

1 Temperature Dependent Properties were Constant. 2 min.
Front and Backface Temperatures were read in.
Charring
1 Layer with 13 Interior Points
Thickness = . 015"
Atl =.1lupto10: At, =.2 up to 100,

9 = -
tsTop = 60

2 Same as job 1 except Front and Backface 4 min.

Temperatures are calculated.

3 Three layers. Layer 2 was Air Gap. 2.6 min,
Cp and K for Layer 1 are constant
Cp and K for Air Gap are Variable
Cp and K for Layer 3 are constant

H . is Variable. is Variable.

gf QHGR
Layer 1 has 19 interior points and a Thickness
of . 0165"
Layer 2 is Air Gap of Thickness , 01'
Layer 3 has 9 interior points and a thickness
of .01
Melting but no Char
At; =1lupto 280

tSTOP = 280.
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SECTION V - RESTRICTIONS

The body may only have 10 layers, including any air gap.

The body may only have a total of 150 points.

There may be only one air gap in the body.

The independent "T' table has a maximum of twenty (20) entries.
The independent time table has a maximum of 50 entries.

All directions on the input data form should be noted and followed closely.

INPUT DATA FORM - One Dimensional Heat Flow in a Decomposing Plastic

1.

2.

One input in table denotes a constant value,

Two inputs in table denotes linear values between first and last independent
variables,

If table requires more than one card, just continue onto the next card. (You
may not split numbers at the end of a card)

First card is the Hollerith ID, card.

Last card is either $END or $DATA.

Data starts in Column 1.

Data may be punched up to and including Column 80.

If two cards are read in with the same table name, the data on the second card
will be in core, since it will be read in on the top of the first card's data,



GENERAL CONSIDERATIONS

1.

E-40

It is strongly recommended when running an entirely new case, that it be
planned to make at least one short run before the production run. The reason
for this is the sensitivity of the program to the choice of the At and Ax. It
should be kept in mind that picking a reasonable value of At is important. If
there is a large change in the properties of the material, a small At should be
chosen for this interval. The preliminary run could indicate this along with

the possible need for the squeezing of or for additional interior points.

Due to the space transformation, which results in the squeezing of points rather

than dropping them, a large rate of melt can result in a too rapid moving of points.
Normally it is corrected by cutting A t.
Lists of tables needed for various types of runs.

A. Tables needed for all options:
GENRL OUTTB HTABL
THIKN HORA
PTSIN TTABL
DENSE WARM
DTIME PROPT

B. Tables which may be used with all options:
CTABL
SPACE
EPTAB
AGPTB (Must be used for any air gap).

C. Additional tables needed for the Charring Options:
CHART
GASPR
TDENS
ZORET

D. Additional tables needed for the Melting Options:
TMELT



U‘ID#SONH

W o0 U i WN
s o ¢ »

W 0 =10 U i WK
L]

Juy
(=]
L]

INDTL

NTDENS
NDGREE

NTEMP = NWARM
NTIME = NHORA

KONVAR

ITIME
KTIME
NZERO
LAYER
JGAP

N3

CHART (1)
TMELT (1)
Q*c‘: Control

HTCONV

R =1.9858

c = .476E-12

« 0174532925
S'e
S'm

TABLE STORAGE OF INDIVIDUAL ITEMS

DIMENSION

Number of entries in TDENS table
Number of entries in DGREE table
Empty

Number of entries in WARM table
Number of entries in HORA table

Total number of points or nodes in body
Time step counter 1 KTIME 3

Starting Node for Implicit scheme
Number of LAYERS of material

The layer of the Airgap

Charring Option cell
Melting Option cell
Determines if Q § should be computed in Qpet

Universal Gas Constant
Stefan - Boltzmann Constant
Radian Conversion Factor
Rate of Char

Rate of Melt

Q¢ (from Qpet for graphite sublimation)

Sm
SC
ALNTH

Amount of Melt
Amount of Char
Length of First Layer

Q* (from q ¢ for graphite sublimation)
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SPACVR

1. Ry Parameter for squeezing computation
2. R '1 Parameter for squeezing computation
3. o Parameter for squeezing computation
4, Empty
5. Empty
CHARV
1, AK Density Dependent Portion of K
2. AKP Density
3. CPA Density Dependent Portion of C p
Q (1, 13) = Q var Q of vaporization
Q @, 13) - sn'1 L Rate of Melt Times the L of Body
Q @B, 13) = Quplation Q of ablation
Q 4, 13) = QI (LAYER) Computed Q of Body
THIKIN (11) = ALNTH Original length of Layer 1
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SPECIAL STORAGE ALLOCATIONS FOR THE PRESSURE OPTION

TABLD (1)
TABLD (2)
TABLD (3)
TABLD (4)
TABLD (5)
TABLD (6)
TABLD (7)
TABLD (8)
TABLD (9)
TABLD (10)
TABLD (11)
TABLD (12)
TABLD (13)
TABLD (14)
TABLD (15)
TABLD (16)
TABLD (17)
TABLD (18)
TABLD (19)
TABLD (20)

SCDTB (1)
SCDTB (2)
SCDTB (3)
SCDTB (4)
SCDTB (5)
SCDTB (6)
SCDTB (7)
SCDTB (8)
SCDTB (9)
SCDTB (10)
SCDTB (11)
SCDTB (12)
SCDTB (13)
SCDTB (14)
SCDTB (15)
SCDTB (16)
SCDTB (17)
SCDTB (18)
SCDTB (19)
SCDTB (20)

keff
keff)r
keff)P's
Pecpleff

fo
{f

2n
£2nn
fgﬂ,‘.
fa2.

kg

&)y /kf
&) /Kt
& £) v /kf
&f) nr /Kt

(ezy Vg)



SPECIAL STORAGE ALLOCATIONS FOR THE PRESSURE OPTION (Cont)

CHART (1) 2 GRAPH OR PVAR (1) K'g PROPT (1) Hg
CHART (2) o', GRAPH OR PVAR (2) K ¢ PROPT (2) € o
CHART (3) n GRAPH OR PVAR (3) K PROPT (3) e,
CHART (4 Re GRAPH OR PVAR (4) Cp

CHART (5) ey GRAPH OR PVAR (6) Cyp

CHART (6) T GRAPH OR PVAR (6) C

CHART (7) n GRAPH OR PVAR (1) kg

CHART (8) 7 o GRAPH OR PVAR (8) R

CHART (9 Ma/Mt GRAPH OR PVAR (9) M

CHART (10) P 4 GRAPH OR PVAR (10)

CHART (11) C GRAPH OR PVAR (11) My

CHART (12) ¢ GRAPH OR PVAR (12) My

CHART (13) » GRAPH OR PVAR (13)

p



ERROR MESSAGES

I. INPUT

A. KEY PUNCH ERROR

Check input for misspelled table name.

B. THERE IS A COMMA ERROR

Check the number of entries of the dependent tables against the number of entries of the

independent table. (The arguments listed in the error return will help to identify the tables
in question.)

INDEPENDENT DEPENDENT
WARM GASPR
CTABL
EMOD
HTABL
PROPT
HORA TTABL
TDENS ZORET
DGREE ATETB

I. PROGRAM
A, DIVIDED BY ZERO

This is in every arithmetic subroutine of the program, so one must refer to the trace-back
given you when the error occurred.

Sometimes one can diagnose quickly what the problem is, by noting the subroutine where the
error message was called.

EXAMPLES

1. ERRORIN BEE

BEE IN INTPTS
INTPTS IN PTX1
PTX1 IN EXEC
EXEC IN MAIN
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For this particular combination, most of the time, it means that C a in the chart
table is zero. P

2. ERROR IN INTPTS

INPTS IN PTX1
PTX1 IN EXEC
EXEC IN MAIN

This combination could mean that the Ka referred to in the chart table is zero.
Again, most of the time this error return is triggered by an error in input,
B. TOO MANY ITERATIONS IN TEST
It is difficult to diagnose a non-convergence error in TNEST from the trace-back, Since
this is a computational error message, rather than an input error, we try to diagnose the

problem through more data, The routine (TNEST) will now print out the first 15 iterations.

C. There are runs in which the dnet is greater than the Qi total. This situation may

possibly be corrected by a judicious cutting of At, although it must be understood that this
may not be the only answer to the problem,

D. If Qet is increasing and Ty is decreasing, check K, or Cpa computations, since K, or
Cpa may be negative.

E. ERRORIN QNET

QNET IN PTX1
PTX1 IN EXEC
EXEC IN MAIN

Indicates either CHART (10) is zero or the (.:10/ Ah is zero for the turbulent option.

SECTION OUTPUT

Output is off-line and consists of a printout of the input tables and the computed values which
are defined on the following pages.
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PRINTED NAME

TIME

DELTA TIME
AMT. CHAR
RATE CHAR
AMT. MELT

RATE MELT

EMDG (1)

ARl (1)
AR1P (1)

ETAO (1)

Qb WD -

INT QNET

INT QRR

INT QG HR

INT QC

INT QBLK

INT QBKFAC

QI TOTAL
QDNET

QDRR

SYMBOL

t

Time

Increment of Time

Total amount of material charred
Rate of Charring

Total amount of material melted

Rate of Melting

Mass flux of gas at the frontface
Spacing Parameters

Derivatives of spacing parameter w/r to time

Amount of squeezing of points toward frontface

TIME TABLE ENTRIES

f.qnetdt
f q dt
rr
f E:lhgrdt
f q.dt

/ Y 10ckdt

f qbackfacedt

Elnet

rr

These are the interpolated values for the
T table (see input data form).

Integrated value of A et with respect to t
Integrated value of Adpr with respect to t
Integrated value of qhgr with respect to t
Integrated yalue of . with respect to t
Integrated value of Y1k with respect to t
Integrated value of Ykfac with respect to t

Amount of heat stored in body
Heat flux entering body

Radiative heat flux
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PRINTED NAME

QHGR

QC
QDBLK

QBKFAC

Q*

QABL

COORDINATES VALUES
TEMPERATURES

COUNT LIST

OPTIONAL OQUTPUT

DENSITIES

EQUALLY SPACED

GAS DENSITIES

QHSR

STRESSES
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SYMBOL DEFINITION

c t gas heat flux
qhgr Hot ga 2
q Convective heat flux
c
;; Heat flux blocked by mass injection into
blocked boundary layer
c fl t backface
%ackface Heat flux at ba
Q* Computed in sublimation option
qabla The heat due to ablation
Position of nodes in real space
T(i) Temperature at each point layer

See page E-~ 42

OPTIONAL OUTPUT

P Density of material at each point of layer
T Temperatures at equally spaced points of
layer
f' Gas density at each point of layer
g

In the graphite option the heat of

sublimation is printed out as g
hgr

Results of stress equations are printed out,



T
1N
©

SAMPLE OUTPUT FORMAT
IDENTIFICATION OF RUN

f = X, XXXXXXXX R D $5:0.0:0:0:6:0:0.4
5, (t) 5, (t) 5.0 S (1) g ry dry/dt o
X xxxxExx X, XxXxExx X, xxxxExx X, xxxXxExx X, xxxxExx X xxxxExx X xxxxExx %, xxxxExx

TIME TABLE ENTRIES 1 THROUGH 10

X, xxxxExx X xxxxExx X XxxxExx x. xxxxExx X, xxxxExx X xxxxExx
[:., A4 /;.. 3 :. AL /". L . . * Ry —~
J “net™ J Gyt J ngr™t J 4 J %locked™ J packface™ «
X. xxxxExx X, XxxxExx X xxxxExx X. xxxxExx X. xxxxExx X, xxxxExx X, xoxxExx
et Uy Yhgr 9 Yp1ocked Ypackiace Yaporization q*

X, xxxxExx X, xxxxExx X. xxxxExx X, xxxxBExx X XxxxExx X. xxxxExx X, xxxxExx X.xxxxExx

COORDINATE VALUES LAYER = 1
TEMPERATURES LAYER = 1
DENSITIES LAYER = 1 (If computed)
GAS DENSITY LAYER = 1 (If computed)

(Repeat distributions of coordinate values, temperatures, and densities until the total number of
layers are printed out, )

EQUALLY SPACED TEMPERATURE FIRST LAYER
COUNT =
STRESS ANSWERS




COUNT (1):
COUNT (2):
COUNT (3):
COUNT (4):
COUNT (5):
COUNT (6):
COUNT (7):
COUNT (8):

COUNT (9):

COUNT (10):
COUNT (11):
COUNT (12):
COUNT (13):
COUNT (14):
COUNT (15):
COUNT (16):

COUNT (17):

COUNT LIST

Total number of time steps.

Total number of iterations for run on rate of melt.
Iterations on rate of melt/time step.

Total number of iterations in PTXI.

Iterations in PTX1/time step.

Total number of iterations in INTPTS
Iterations in INTPTS/time step.

Total number of iterations at interface.
Iterations at interface/time step.

Total number of iterations in DENSIT.
Iterations in DENSIT/time step.

Total number of iterations in air-gap.
Iterations in air-gap/time step.

Number of times At is cut by density criterion.
Number of times Qg < 1/2.

Number of times At is cut due to sm.

Number of times At is cut by density criterion after explicit calculations.




APPENDIX F

MATERIAL PROPERTIES



Material Properties

The material properties required for application of the Reaction Kinetics Ablation
Program (REKAP) are given within this Appendix. The materials for which the properties
are given are phenolic nylon, phenolic refrasil, phenolic graphite, phenolic carbon and
pyrolytic graphite. The material properties of concern here are those thermal and
chemical kinetic properties which are required to calculate the thermal degradation and
the surface recession. At the present time all the parameters required for the operation
of the pressure and stress option are not available and some of those which are available
are in considerable question at the high char temperatures. It will be necessary to
conduct an experimental program to determine their values. Prior to the determination
of these high temperature properties, extrapolations from low temperature values are
necessary for parametric stlfdy purposes.

A tabulation of the material properties is given in Table F1 and the thermal conductivity
and the specific heat for typical compositions of the various materials are given in
Figures F1 to F5. The property values given here should be considered to be approximate
and a check should be made each time a new material is to be analyzed for a comparison of
the properties. The variation of properties of a similar material can be seen in Figures
F2 and F5. It is particularly important that the thermal conductivity of the material to be
analyzed is correct since it has been found that it has a major influence on the performance
“of a material, The rather large variations in thermal conductivities can be observed in
- Figure F2,
The activation energy, collision frequency and the order of the reaction were determined
for phenolic nylon, phenolic refrasil and phenolic graphite on this contract through
thermogravimetric analysis methods. The materials evaluated were:

-

Phenolic Nylon: Mfgr.: Wellington-Sears #SM19
Resin Type: CTL 91L.D
Resin Content: 45% * 5%

Phenolic Refrasil: Mfgr.: Fiberite #MXS75
Resin Content: 31% *+ 2%
Silka Powder Filler Content: 8% ® 1%

Phenolic Graphite: Mifgr.: H. I. Thompson - 5014
Resin Content: 39%

The thermogravimetric analysis curves are shown in Figures F6 to F8, Figure F6 shows
that the major weight loss for phenolic nylon to occur between 300 and 500°C. The steep-
ness of the thermogram between 350 and 450°C indicates a relatively rapid decomposition
mechanism. The ash amounted to approximately 25% of the initial sample weight.



The degradation (Figure F7) of phenolic refrasil occurs between 350 and 500°C and it
loses only about 18% of its initial weight when heated to 1000°C.

The degradation as shown in Figure F8 for phenolic graphite took place over the
temperature range of 350°C to 650°C. After heating the sample to 1000°C, the weight

reduction amounted to only 17% of its initial weight.
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TABLE F1

Material Properties

Plastic Density (Ib/ft)

Char Density (Ib/£t>)

Heat of Gas Formation (Btu/lb)

Specific Heat of Gas (Btu/1b°R)

Latent Heat of Cracking (Btu/Ib°R)

Average Molecular Weight

Specific Heat of Plastic (Btu/1b°R)

Thermal Conductivity Plastic (Btu/ft-sec®R)
Latent Heat of Melting (Btu/1b)

Graphite Sublimation Constants

K

K2
Order of Reaction
Charring Constants

Ny

C1

Ng

Co

Collision Frequency (1/sec)

Activation Energy (Btu/1b mole)

Phenolic
Nylon

71

17,78
1000
0.60

20
Fig, F1
Fig. F1
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Application and Results

The nozzle dimensions used for the analysis were those supplied by NASA Lewis for their
small 1, 2 inch throat diameter test nozzles, The propellant combinations were hydrogen/
oxygen and NgOys/UDMH ~ NoH, (50-50) having a fuel to oxidizer ratio of 6,5 and 2.0 respec-
tively, The nominal chamber pressure was 95 psia, The rocket nozzle flow fields including
the boundary layer edge conditions and thermodynamic and transport properties were pro-
vided by NASA Lewis, These conditions and properties were used to calculate the convec-
tive film coefficient at the throat of the nozzle, The film coefficients were calculated using
Bartz (Ref. 1) method with no corrections, The calculated convective film coefficients for
the hydrogen/oxygen and the NoOy/UDMH - NoH, (50-50) at the 1, 2 inch throat of the NASA
Lewis rocket nozzles were 0,76 BTU/ft2 sec °F and 0. 342 BTU/ft2 sec °F respectively,
The corresponding recovery temperatures were 4300 °F for the hydrogen/oxygen propellant
combination and 4420 °F and 4730 °F for the NyOy/UDMH - NyHy propellant combination,
The combination of the recovery temperature and the convective heat transfer coefficient
determined using the above methods resulted in predicted values that were considerably
higher than the experimentally obtained values, This was later shown to be the result of a
lower recovery or boundary layer edge temperature. A calorimeter configuration and tem-
perature data was supplied by NASA Lewis. An analysis was made using a transient heat
transfer computer program and thus the temperature response for a number of environ-
mental conditions was determined. The results of this analysis is shown in Figure G1. It
was concluded from these results that the actual driving temperature to which the local
material was exposed was approximately 3100 °F. The results shown in Figures G2 and G4
confirm the fact that 3100 "F is a more realistic boundary layer edge temperature than was
the recovery temperature.

Thne temperature responses snown in Figurcs G2 to G4 show the effects of the different tem-
perature conditions, They also clearly identify the effect of curtain cooling as an important
parameter in material system evaluation, as well as the importance of measuring the local
heat rate as a boundary condition for the thermal analysis., This lower driving temperature
could have resulted from a fuel curtain produced by the injector which protected the nozzle
walls from the higher temperature combustion gases.

From the results given in Tables G1 and G2 and shown in Figures G2 to G7 it is possible to
evaluate the relative performance of the various materials for two different propellants,
The analytical results reported here were calculated assuming constant values for film
coefficients and recovery or boundary layer edge temperatures where the REKAP program
has the capability of including time varying parameters, they were not utilized for the six
cases studies here since their primary purpose was to investigate the application of the pro-
gram to several materials with widely different properties and to determine their relative
performance as rocket nozzle heat protection materials.

The material properties used in this analysis are tabulated in Table F1 of Appendix F. The
surface recession control machanism used for the phenolic graphite calculations was a
graphite oxidation and sublimation option, since the char formed is essentially carbon or
graphite, The constants K1 and K9 used in the diffusion mass loss equations are the tur-
bulent values which were determined for oxygen reactions, The surface recession for both

G-1



the phenolic nylon and the phenolic refrasil was the specified char thickness option. Based
on the experimental data reported by Rollbukler (Ref, 2), the maximum char thickness for

a phenolic-silica fiber re-inforced material exposed to the exhaust products of hydrogen/
oxygen should be approximately 0.25 inches thick, This values was used as a maximum
specified char thickness., Included in the developed REKAP program are two other options
which have produced excellent agreement with experimental results for phenolic refrasil.
These are the Refrasil option and the Fixed Melting Temperature option, The Refrasil option
is explained in detail in Appendix A including the constants recommended for use within the
equations. The fixed Melting Temperature option is the most straight-forward of all the
options since the melting temperature, the latent heat of fusion and the char density can be
determined in a laboratory and does not require previous rocket nozzle tests. However, the
factor I must be established from previous experimental work, T has been defined as the
gasification factor; however, as stated in Appendix A, the rocket nozzle wall temperatures
for most propellant combinations do not reach sufficiently high values for the material to be
vaporized, therefore, I is actually the ratio of the amount of char melted to the total char
lost,

The surface recession of the phenolic nylon can also be controlled by the graphite oxidation or
sublimation routine since its char is primarily a carbon material,
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Run
No.

2219

2220

2062

338

257

Nozzle
Mat,

Phenolic
Graphite

Phenolic
Nylon

Phenolic
Refrasil

Phenolic
Graphite

Phenolic
Nylon

Phenolic
Silica

Propellent
Comb.

Hydrogen
Oxygen

Hydrogen
Oxygen

Hydrogen
Oxygen

NgOy
UDMH-N,H,

NoOy
UDMH-N,H,

NoOy
UDMH-Ny Hy

TABLE Gl - SUMMARY OF MATERIAL PERFORMANCE

Eonvective
Film
Coefficient
(BTU/ft2sec®F)

0.50
0.50

0.50

Temp.,

C°F)

4300

4300

4300

4420

4420

4420

4730

C°F)

3100

3100

3100

Time
(sec)

127.9

17.3

29,7

32

17,3

50

33

*k
Recovery Boundary Layer Firing Computed Exper, Computed Exper,
Edge Temp.

Fokokk
Surface Surface Char Char

Recession Recession Thickness Thickness
(in) (in) (in) (in)
*okok
0.0217 0.0215 0.578 N/A
0.108 0.133 0.114 N/A
0.0 0.0 0.12 0.157
0.038 0,042 0.327 0.393
0.0173 N/A 0.0754 N/A
0.128 N/A 0.0801 N/A
0.0 0.002 0.180 0.201

* The convective film coefficient was calculated using the Bartz method for a 1,2 inch throat diameter,

** The char depth is determined by the point where the local density has decreased from the virgin plastic

by an amount of 5% of the density difference between virgin plastic and char,

*** The constants in the equation describing the oxidation mass loss rate were corrected for the boundary layer gases.

**%* The computed surface recession and char thickness for the runs having the oxygen and hydrogen propellent combi-

nation were computed using the béundary layer edge temperature rather than the recovery temperature as the
driving temperature,

N/A -~ Not Available



TABLE G2 - SUMMARY OF TEMPERATURE RESPONSE

Experi-
¥Initial mental
Run Nozzle Propellent Thermocouple Tempera- **Computed Temperatures
No. Material Combination Time Location tu(.)res ol 2
(sec) (in) ('F) ('F) (°F)
2219 Phenolic Hydrogen 0 0,375 37 43 43
Graphite Oxygen 1 46 43 43
5 46 47 46
10 89 125 81
30 319 940 396
50 887 1768 729
70 1108 967
90 1285 1162
110 1466 1322
End of Run 127.9 1557 1468
0 0,575 43 43 43
1 43 43 43
5 43 43 43
10 51 45 44
30 157 235 140
50 279 632 337
70 450 532
90 764 728
110 948 909
End of Run 127.9 1174 1057
2220 Phenolic Hydrogen 0 0,275 37 317 37
Nylon Oxygen 1 37 37 37
5 37 37 37
10 45 48 39
End of Run 17.3 72 1516 47
30 141 - 87

* The initial thermocouple location is the radial distance from the front or inner surface before the run.
**The temperature response given in column 1 is that calculated using the recovery temperature and that in column
2 is calculated using the boundary layer edge temperature,
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TABLE G2 - SUMMARY OF TEMPERATURE RESPONSE (Cont)

Experi-
*nitial mental
Run Nozzle Propellent Thermocouple Tempera- **Computed Temperatures
No. Material Combination Time Location tu&'es o 1 02
(sec) (in) (F) ('F) (F)
2062 Phenolic Hydrogen 0 0,216 44 44 44
Refrasil Oxygen 5 44 45 45
10 66 77 63
20 207 275 173
End of Run 29,7 NA - 337
30 271 - 341
338 Phenolic Ng Oy 0 0.375 Not 43
Graphite UDMH-N9H4 1 Available 43
5 ' 46
10 110
20 410
End of Run 32 1362
0 0,575 Not 43
1 Available 43
5 43
10 44
20 90
End of Run 32 237
Phenolic Ng Oy 0 0.275 Not 37
Nylon UDMH-NoH, 1 Available 37
5 37
10 37
17.3 47

* The initial thermocouple location is the radial distance from the front or inner surface before the run,

**The temperature response given in column 1 is that calculated using the recovery temperature and that in column
2 is calculated using the boundary layer edge temperature.
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TABLE G2 - SUMMARY OF TEMPERATURE RESPONSE (Cont)

Experi-
¥nitial mental
Run Nozzle Propellent Thermocouple Tempera- **Computed Temperatures
No., Material Combination Time Location t%res 01 02
(sec) (in) (F) (M (P
20 54
30 103
40 185
50 325
257 Phenolic N9oO4 0 0.216 Not 43
Silica UDMH-NoH 4 5 Available 44
10 65
20 228
30 414
33 456

* The initial thermocouple location is the radial distance from the front or inner surface before the run.
**The temperature response given in column 1 is that calculated using the recovery temperature and that in column
2 is calculated using the boundary layer edge temperature,
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